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ÊÌf«\¯©f¬Ìf¯ÌfµhUX]oXfhidjbWNm7xZNVb`UWhdZq
dZ)XfYp]WdZLXf]`XdZbIYpqpboXfqp¿jNVm]`bWNVNVU;hi]WHz2dZ]WH8XZU`Uld\nhXy]`hixjN¡XZqKmXjUWUWd\nhXy]WhxZNMnMdZLLYp]`Xy]`hixjN:UW^AL{z2djU
XZib`NVXjm\^kKbWdjk2dAUlNmzA^]`HpN¡XZY\]WHpdjb`UV+ÎÃqdZbom\NMbc]WdH2XfqKm\N:z4df]`HdZbom\NVbWNmXfqKmYpqKdZbom\NMb`NVmdjk2NVb`Xf]WdZboUV
;NnMdZLzKhiqpN]WHpN]WboXfqKUWh§]`hidjq8bWNVXf]WhdZqdf?b`NMjYpXZb]Wb`NMN{XfY\]`dZLXy]`dZqhi]WHb`NMjYpXZbdjb`m8NM[\kpbWNUWUWhdZq
XZqKmÂnMdZYpqA]`hiqpndjqKUl]WboXfhqj]oUM7GIHKhUN[]`NMqKUWhidjqÄXZkpk2NXfboU{¢AYphi]WN8qKXf]WYpboXfIUWhiqKnMNZHpNMqÄqpdndZYKqj]`hiqK
nMdZqKUl]WboXfhqA]`U	d\nMnMYpboUMjNdjz\]`XZhiqËK­`ÏVÐj­Ìy«\¯Ã©y¬Ìy¯ÃÌyX}UlhLkpiN¡LdmpNMpdjbc¡g¦UWnoHKNMLXy]oXpjXZqKmHpNVq
qKdnMdZqKUl]WboXfhqA]`U;d\nMnMYpbV\;N*dZz\]oXfhq!b`NMjYpXfb;]Wb`NMN}XfYp]WdZLXf]`Xp
¾;Yphmphiqp>dZq¥]WHpNnXZU`UWhnVXf*ndZqKqpNVn]WhdZqÑz4N]_;NMNVq¥dZZhn¦XZqKmÑXZY\]WdjLXf]`XK:;NÉXfUWdÂkpb`NVUWNMqA]X
mpNVnhmpXZzpiNQ]`bWNVNQdZjhn¡]`HKXy]NVLz4NVmpUIQg7Æ\noHpNVLXXjUX{kKXZhiqUWYpzKUWN]V
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XfY\]`dZLXy]oXpLdmKXfÀdZZhn
∗ ÙÛÚÜÝoÞß<Úà¼á/âµãÀà¼á/ä{Ý`ßcß<ÚÜ¡åæMç<è¼é´æ¼ê·è¼ëié´ì}íAî ïÃðWñÃè¼éÃòIæ¼êëióWôì:õè¼ðfíæ¼òIìWðyêæö ì*íì:÷æ¼éÃøÃìlëiö§ö ìlùpú+û}üýþlý¼ýù2ÿ +ü
Ü_ß	ú Ü_á´â ß
	Ü2á´àÜ_Ü¼ù\ÝÝoá/ÜyÝoá´ß
 }â/Þfà¼á´ß/ÜKÙ 
!yà"Ü$#Üß<â%Ü'& (ß/Ülá´á´à")Ý`ß à"Ü_â+*+à"	_Ü_â
VÜ#, -.Mß/á/ÞÃß/Þá.	lÜ_â/µÝ.VÙ0Ká/à1iÞ â2
	    £'
 l}	!	
$&
;( !
:#
$&%'(){*()

 	   w:dZYKU:kpbWdjk2dAUldjqKUYKqpNqpdjYpxZNViNnMXjUWUWNm XfY\]`dZLXy]`NVUQm Xfb`zpbWNUM4XfhqKUWh+¢AY YpqpN{idjZh¢jYKN
Ld\mpXZiNIm Xfb`zpbWNUÛXjUWUWd\nhTMNZfUWk4TVnhXfNMLNVqj]?m\Tm\hiTVN¡X:LXfqKhikpYKXf]WhdZq{mpN;m\d\nMYpLNMqA]`U+N]cm\NIU`noHpTMLXZU
Qgc
ÛNVUIm\d\nYpLNVqj]oUI¡gµ\ndZLLN*m\N*qpdZL{zpbWNVYKUWNVU;XfY\]`bWNUcdjbWLNVUIm\N*m\djqpqpTMNUIUlNVLhiÃU_]`bWYKn]WYpb`TMNUM
k4NMYKxZNMqA]M]Wb`N?Zb`djU`UlhJMb`NMLNVqj]Àm\Tnb`h§]oU kKXZbÛm\NVUÛXfb`zpbWNUÈT]`h¢AYpNM]WTVUVÛÎÃAXfkpk2XfboX]ÛXfdZboUÈqKXy]`YpbWNVZm Y\]WhhUWNMb
mpNVUcXZY\]WdjLXf]WNU?m XZbWzKbWNU)k4dZYKbcb`XZhUWdZqKqpNMb?UWYpbµnNUcm\d\nYKLNVqA]`U?NM]µm NUWU`X^ZNVb?m XZkpkph¢AYpNVb?X*b`NMXy]`hidjq
nMXjUWUWh¢jYKN;¢AYphphNXfY\]`dZLXy]`NVUVfidjZh¢AYpNVU	NM]cXZqpjXZZNIm\NbWN¢AY]`NVUVN]W]WNXZkpkpb`dnoHKNIX*m\Tle*T]`TUlYphxhiN
NM]¡Xm\djqpqpTVN}kpiY2UlhNMYpboUb`TVUWYpi]`Xf]`UhqA]WTMb`NVU`U`XfqA]`UVpNMqk2XfbW]WhnYphiNVb:mpXZqKU TM]WYKmpNm\NVUQ¨{©ªM«\¬­M®K¯°\±`²K­
¨­/³c®K¶·¯<¶´©y®2dZYºQGºNQUl]`XZqKmpXZb`mN¡kKiYKUIUWhiLkpN:k4NMb`LN]W]`XfqA]m\N*m\T½KqKhibIm\NVUInMbWhi]WJVbWNUµm\NQxyXfhm\hi]WT
k4dZYKbiNUm\d\nYpLNMqA]oU¡gµ
º¡NVUbWNnoHpNMbonoHpNVUUWYpkpkpTMLNVqj]oXfhbWNUUldjqA]qKTVnNUWU`Xfhb`NVUk4dZYpbkpb`NMq2m\bWNNVq£ndZLk\]`NiNUU`noHpTMLXZU
Qgc?YKqÄUl]`Xfq2mpXfbom7kpYKUXxyXfqKnMTZck4dZYKbNV¢AYpNVIiNUXZY\]WdjLXy]WNUm XZbWzKbWNUb`TMZYKihNMboUqKN8UWdZqA]kKXZU
U`Xy]`hUl´XfhU`XfqA]`UVqKNImpNVU	boXfhUldjqKUÛkKbWhqKnhkKXZiNIm\NInN]W]WNIhqKXZm\T¢AYKXy]`hidjqNVUl]?X¡kpb`TVUWNMqKnMN;m YpqdZk4TMboXy]`NMYpb
XjUWUWd\nhXy]`h§·ÃndjLL{Y\]`Xf]Whi	mKXfqKU:XmpT½Kqphi]WhdZqmpNVU:U`noHpTVLXjUM2HpTMb`hi]WTm\N dZk4TMboXy]`NMYpb
&
m\NÆpÇ*gc4N]
NVUIhLhi]`Xf]WhdZqKUhiqpHKTMb`NMqA]WNUm\NVUXZY\]WdjLXf]WNUm XZbWzKbWNUb`TMjYphiNVb`U{]WboXfhi]WNVbImpNVUXZijJMzpb`NVUIXfz4TMhNMqpqpNj
)XÉnMXjUWUWNm XZY\]WdjLXf]WNUnMdZqKUWhm\TMb`TMNmpXfqKUnMN!boXfkKk2djbl]µXfkpk4NMTMNÊWËp­oÌfÍ­ÊÌf«\¯©f¬Ìf¯ÌfµNU_]YpqpN
b`NVUl]Wb`hn¼]WhdZqUlk4TVnMhXZiNm YpqpNnMXjUWUWNm XfY\]`dZLXy]`NVU*m Xfb`zpbWNU}m\T_ekpb`dZk4djUWTMNkKXZb}iNU}XfY\]`NMYpboU*N]¢AYph
LXZqphikKYpiNm\NVU)Xfb`zpbWNUÀm\Nµm\NVZb`T?qpdZq}z4dZb`qpTcL{YpqphAm\NµUW^AL{z2djiNUÛXjUWUWd\nhXy]Whi·ÃndZLL{Y\]`Xf]Whi_ º:NLXZqphJMb`N
k2djYpxZdjhibkpbWNVqKm\b`NNMq!ndZLk\]`NZ }X}djhUVAmpNVUdZk4TMboXy]WNVYpboU?LXfqphkpYpXfqA];mpNVU;m\dZqpqKTMNVUµdZbom\dZqKqpTMNUcN]
mpNVU+dZk4TMboXy]`NMYpboUÛLXZqphikKYpXZqA]?mpNVU	m\dZqKqpTMNU	qpdZq{dZbom\dZqpqKTMNVUVqpdZY2U?XxZdZq2UÛXye_djY\]WTIXfYp[bWJVZNVU+m\N;]WboXfq\
UWhi]WhdZqKU*m\NU}XfY\]`dZLXy]`NVU*m Xfb`zpbWNUMÀm\NU}ndjqj]`b`XZhiqA]`NVUQm\NUlT¢jYKNMqKnMNMLNMqA]V UWdZY2U:djbWLNm N[\kpb`NVU`UlhdZq2U
b`TMjYphiJVbWNUMÈN]m\NU*ndZqA]`b`XZhiqA]WNU¡mpNnMdZLk\]oXfZNj UldjYKU¡dZb`LNm\N{dZb`LYKiNXfb`hi]WHpLT]`h¢AYpNj!N]W]WNN[
]`NMqKUWhdZqXfkpk2XfboX]	q2Xy]WYKbWNViNIkpYphUW¢AYpNjZdZboUW¢AYpNI djqb`N]`hib`NNVUcnMdZqA]WboXfhqA]WNVU?mpNndZLk\]oXfjN;djqdZz\]`hiNVqj]
NVU}Ëp­oÏVÐj­!Ìy«\¯Ã©y¬Ìy¯ÃÌyÀYpqLdmpJMN{UWhiLkpN{k4dZYKbQNVU*U`noHpTMLXjU¡g¦cÀN]*dZboUW¢AYpN dZq¦b`N]`hib`N]`dZY\]`NVU
NVUnMdZqA]WboXfhqA]WNUdjq!djz\]WhNMqA]NVUXZY\]WdjLXf]WNUm XZbWzKbWNUb`TMjYphiNVb`UV
"cqUWN*zKXZU`XfqA]UlYpbnMN]W]WN*qpdZYKxZNMN*nMXjUWUWN*m XZY\]WdjLXy]WNUMqpdjYKUIkpb`TVUWNMqA]WdjqKU;YpqpN*dZZh¢AYpNQLd\mpXZiN
k4dZYKbiNUXfb`zpbWNUI¢jYKh NVUl]m\TVnMhmpXZzpN}N]:¢AYphÀT]`NMqKm8m\N}LXZqphiJVbWN*qKXf]WYpb`NMNQNVUU`noHpTVLXjU;¡gµ
#r×  Õ %$  ! ¡g¦c2Æ\noHKTMLX¡gµKXfY\]`dZLXy]`NVUIm Xfb`zpb`NVUVAdZjh¢AYpN*Ld\mpXfN
 ÈªoËp­M¬Ì*°
	W­o­)©WÐZ¶´ªÌy®ÈÏ\ËK­oÌyÍy­¼Ê¡«\¯Ã©y¬Ìy¯ÃÌ v
  {(Û	 '!µ()
 Nm\NUWnMbWhz4NX8qKNM nXZU`U*dfI]Wb`NMNXZY\]WdjLXy]`XKÛXfq2mX8bWNVXf]WNVmÉdZZhndZq]`bWNVNVUVÛhi]WH7XfkKkpihnMXf]WhdZqKU
]`d]WHKNkpb`d\nNVU`UWhiqpdZc¡gÄm\d\nYpLNVqj]oU:XZqKm¡g¦ÂU`noHpNMLXZUiO<:GIHKhU¡djbW¿!hU:hiqA]`NMb`NVUl]Whqpb`dZL
XkKbWdjZboXfLLhiqpXfqpjYKXfjNQk4dZhqA]:df?xhNM UlhqKnN}hi]¡nMdZYpm8kpb`dyxAhm\N}XUl]Wb`YKn¼]`YpbWNmXfqKmYpqKh§djbWLXfk\
kKbWdAXZnoH]WdÉ]WHpN!hiLkpNMLNVqj]oXy]`hidjq7df]`ddZU}]`XZbWjN]`hiqp¦¡g m\d\nYpLNVqj]oUM?hq]`HpNU`XfLN!;X^É]WHKXf]V
djb¡NM[pXfLkpNZ4kpYKUWHKm\dyq¦XZY\]WdjLXf]`XhU¡]WHpN{NVUl]`XZzpihUWHpNVmWXZU`UWNMLzKi^XZqpZY2XfZN}dZb:k2XfboUlhqpXZkpkph§
nVXy]`hidjqKUM
QgÉmpdnMYpLNMqA]`UVXfqKmdZ]WHpNVbcdjbWLUdfÛUWNMLh§ÃUl]Wb`YKn¼]`YpbWNmmpXy]oX |ALX^z2NQb`dZYpjHpi^m\NVU`nb`hz2Nm
XjUÀNVmpZN?Xfz4NMNVm¡]Wb`NMNUM)Î]ÛhUÀ]WHpNVbWNMdZb`N?qKXy]`Ypb`XZy]WdY2UlN?]`bWNVNcXfY\]`dZLXy]oX]Wdb`NVXjUldjq¡djq¡]`HpNML Xfq2mQ]Wb`^]Wd
XZkpkp^]`HpN¡nMXjUWUWhnMXf2ndZqKqpNVn]WhdZqz4N]_;NMNMqXZY\]WdjLXy]`XKZdZjhnXZqKm¢AYpNMb`^XZqpZYKXZZNUM+GIHphUXfkpkKbWdAXZnoH
H2XZUXZib`NVXjm\^¦z4NMNVqdZidy;NVmz^¦xyXZbWhdZYKUbWNUlNXfbonoHpNMboUMÛz2dZ]WHb`dZL XkpboXZn¼]`hnVXfµXZqKmX8]`HpNMdjbWNM]WhnMXf
k4dZhqA]¡dZcxAhNM}ÀXZqKmHKXjU:jhixjNMqUWdZLNqpdZ]`XZzpiNbWNUlYpi]`UVÈNVUWk2NnhXfi^HpNVqÉm\NXfhiqph§]`H¨©VªM«\¬­M®K¯
°p±`²K­¡¨­´³µ®K¶·¯<¶´©y®Â¸/º¡Gº*»¼K]WHpNUWhLkKiNU_]:Ul]`XZqKmpXfbomdjbm\N½2qphiqK¡gm\d\nMYpLNMqA]`UIxyXfhm\h§]_^j
Á Zdd\mN[pXZLkKiN!hU]WHpN¡º¡YKnMNUW^\U_]`NMLdfachNMbonNjdAUldy^AX7­¯Ì v cX]_^k4NVmYKqKn¼]`hidjqKXf
XfqKZYKXZZN*h§]`HN[]`NMqKm\NmkKXf]l]WNVbWqp<LXy]onoHphqpdZk4NMboXy]`dZboU;dZbQgÂm\d\nMYpLNMqA]`U:LXZqphkpYpXy]WhdZqÛÎÃq
]`HphUµ]`ddZ<Z]`HpN:]_^k4NVUdfÛQgm\d\nYpLNMqA]oU¡¸´dZb!	W­Ðf«"iÌ	*­$#²%	W­ÊoÊ¼¶´©y®¯<±`²p­Ê»Xfb`NLdmpNMNVmz^b`NMZYKXZb
]`bWNVNXfY\]`dZLXy]oXQXZqKm]WHpNI]_^kphqp}df4kKXy]W]WNVbWqLXy]onoHphiqKQNM[\kpbWNUWUWhdZqKU+hU	zKXZUWNVm{dZqndjUWYpb`Ndjk2NVb`Xf]WhdZqKU
djqXZY\]WdjLXy]Wdjq 	ÁqpdZ]WHpNVbcN[pXfLkpNIhUcZhxZNMqz^]`HpN¡Ëp­oÏMÐA­}Ìy«\¯Ã©y¬Ìy¯Ã©y®]WHpNVdZb`^& s'<AXfqN[]`NMqKUWhidjq{dZ
b`NMjYpXfbÀ]`bWNVNµXfY\]`dZLXy]`dZq*djbÛYpqpboXfqK¿ZNVmQ]`bWNVNVU¸·]WH2Xy])hUVV]`bWNVNµhi]WHqKdmpNVU dZpYpq\½p[\NmXfqKmYpqz2djYpqKm\Nm
mpNMZb`NMNUM »:NVm\jN}XfY\]`dZLXy]oX{XZbWN*Xy]I]WHKNQz2XZUWhUIdZÛ]WHKNQhLkpNMLNMqA]`Xf]WhdZqdf	R "µÛÁ:Ãw¡Ç( ) <pXZqXZ§
]`NMb`qKXy]`hixjNkpb`dZk4djU`Xf	]WdQg¥Æ\noHKNMLXp+*cXfb`hidjYKU*N[]`NMqKUWhidjqdfI]Wb`NMNXZY\]WdjLXf]`X, u;XZqKmLdZqKXjm\hn
]`bWNVN{dZjhn.-?HKXxZNXfUld!z2NVNMqYKUlNm]`dUl]WYKmp^8]WHpNndjLkpiNM[\h§]_^8df;LXfqphkpYpXy]`hiqp!]Wb`NMNU_]`bWY2n¼]WYKbWNm
mKXy]`X*zKY\]Vndjqj]`b`XZbW^*]`d}dZYpbXfkpkpb`djXjnoH y]`HpNVUWNdjbW¿{Xfb`Nqpdf]µm\hb`NVn¼]`i^ndjqKnNVbWqpNmh§]`HUWnoHpNVLXZU?Xfq2m
XZbWN*zKXjUlNm8dZq8dZbom\NVbWNm!nMdZqA]WNVqj]¡Ld\m\NVUVIgdZb`N}nb`YKnhXfi^jKUWNMxZNVb`XZÀLNMqA]WhdZqKU]WdXZY\]WdjLXf]`X]`HpNMdjbW^
XZkpk4NVXfbhq8]WHKN¡g¦7Ulk4NVnMh§½4nMXy]`hidjqKUVpkpb`hiqKnMhik2Xfi^]WdN[\kpb`NVU`Ub`NVUl]Wb`hn]WhdZqKUIdjqº¡Gº XfqKmÆpnoHpNMLXZU
hq8dZbom\NMb;]`ddjz\]`XZhiq¸´nMidAUlNQ]`dA»;hiqpNXfbnMdZLkpN[\h§]_^dZbUWhiLkpN}dZk4NMboXy]`hidjqKUM
º¡d\nYpLNMqA]*]_^k2Nm\NM½Kqphi]WhdZqKU*Xfb`NNM[kKbWNUWUWNVmhqÉX!XfqpjYKXfjNXf¿hq]WdbWNVZYpXfb¡N[\kpb`NVU`UlhdZq2U:Xfq2m
UWk4NVnhi^]WHKN*UWN]Idf)NMNMLNMqA]`U]`HKXy]ILX^z4N*kpb`NVUWNMqA]hq!X{xyXfhm!m\d\nYpLNMqA]pXZUNViÀXZU;ndjqKUl]WboXfhqphiqK
]`HpNMhb}d\nMnMYpbWb`NMq2nNVU¡dZbom\NVbVwdZqKN]WHKNMNVU`UMÈ]`HpN/lmpdnMYpLNMqA]*]_^k2NU0{NM[\kpbWNUWUWhzpiNz^LNVXZqKUQdf;ºQGº
XZbWNIUWdZLN]`hiLNVU)]`dAdQb`hijhmXfqKm dZb?N[pXZLkKiNjfXQmpdnMYpLNMqA]?LX^}z2NndZLN;hiqxyXfhm{Xf·]WNMb	k4NMb`LY\]oXy]`hidjq
dZ2UWdZLNµdZKh§]oU+NMNMLNMqA]`UV	ÁÂqpNVÂUl]`Xfq2mpXfbomÀ¡gÆ\noHKNMLXpHKXjU)z4NMNVqkpb`dZk4djUWNVm}]WdQdyxZNMbondjLNµUldjLN
dZp]WHKNhiLhi]`Xf]WhdZqKU+df2]WHpNIºQGº¤Ld\m\NV/+ÎÃqk2XfbW]WhnYpXfbNInMXZqhqj]`NMb`kpb`N])Qg8UWnoHKNMLXy]oX:XZUÛ]WNVbWLU
zKYphii]YKUWhiqK!z4df]`HXjUWUWd\nhXy]`hixjN{Xfq2mÉXjUWUWd\nhXy]WhxZNMnMdZLLYp]`Xy]`hixjN¸´Á I»Qdjk2NVb`Xf]Wdjb`U¡h§]`HYpqz2djYpqKm\Nm
XZbWhi]_^ZXUWh§]`YKXy]`hidjqdZb;HphnoHb`NMZYKXZbc]Wb`NMN¡XfY\]`dZLXy]oXXfb`NqpdZ];U`Xy]`hUl´XZn]WdZb`^Z)ÎÃqKm\NVNVmÀHphiNQb`NMZYKXZb
]`bWNVN}XfY\]`dZLXy]oXnMdZqKUl]Whi]WYp]WNXYKUWNYp b`XZLNVdjbW¿Èhi]HKXZUUWdZLNM]WhLNUIkpb`dyxZNVm!hqKXZm\N¢AYKXy]`N¡djbkpboXZn¼
]`hnVXfkpYpb`k2dAUlNUXfqKmLXZqA^XfkKkpihnMXf]WhdZqKUbWN¢jYKhib`N]WHpN!YKUWNdfXfqNM[]WNMq2m\NVmLd\m\NM<G)d]WHpN!z2NU_]
dZcdZYpbQ¿qpdyNVm\jNZ4qpd;dZb`¿Uld´XZb¡H2XZUQndZq2Ulhm\NMb`NVmYpqpboXfqp¿jNVm]Wb`NMNU:hi]WHz4df]WHXZU`Uld\nMhXf]WhxZNXfq2m
XjUWUWd\nhXy]`hixjNÃndZLL{Y\]`Xf]WhxZN:UW^Lz4dZUMpXUWh§]`YKXy]`hidjqdjYpqKmHpNMqm\NXfhiqKhi]WH8Qg7Æ\noHpNVLXf]`XK
 NkKbWdjk2dAUlNµX:qpNM7nMXjUWUÛdf\]`bWNVNXfYp]WdZLXf]`XpqKXZLNVmÊWËp­oÌfÍ­ÊÌf«\¯©f¬Ìf¯ÌfdZb+m\NVXZihqp:hi]WH{¡g
mpdnMYpLNMqA]`UIXZqKmU`noHpNMLXp  N¡z4NMhNMxZNQhi];hU]WHpN¡½KboU_]IdjbW¿dZqXfY\]`dZLXy]oX}]`HpNMdjbW^XfkKkpihNVm]Wd¡g
]`HKXy]QndZq2Ulhm\NMb]WHpNWXfi<jbWdjYpk1QnMdZLk2dAUlhi]WhdZq7¸/XUlhLkph§½KNmxZNVb`UWhdZqdf	]WHpNÆpÇ*g
&
ÃndZqKqpNVn]WdZb »
ü)ü 32ý54þ
s ¨Ì  Û¶  ¶´© ?«ZÐf¶´­
¾;^!bWNU_]`bWhn¼]`hiqpdjYpb:Ul]WYKm\^!]WdmpN]WNVbWLhqphU_]`hnXZY\]WdjLXy]Wdjq p;N}dZz\]oXfhqXnXZU`Udf	bWNndjZqphVXZzpiN*Xfq\
jYKXfjNVU ]WHKXf]+NVqye_dy^\UÛjdAd\m{ndjUWYpbWNkpb`dZk4NMbW]WhNVUÛXZqKm;NIm\N½KqKN;X¡bWNVXf]WNm}LdmKXfidjZhn?djb+m\d\nMYpLNMqA]`U
]`HKXy]hUIm\NVnMhmpXZzpNQXZqKmNM[\Xjn¼]`i^LXy]onoHpNVU]`HpN*bWNndZjqphVXfzKiNXfqKZYKXZZNVUV	Á NVXjm\hqpjdjXfÈhq]`HpN}m\N
UWhZqdf)djYpbdZZhnQhU;]`dhiq2nYKm\NXUlhLkph§½KNmxZNMboUWhidjqdf+¡g7ÆpnoHpNMLXXZUXkpXfhqUlYpz2UlNM]V
GIHpNndjqA]WNMqA]Qdfc]`HphUQkKXZk2NVb¡hU*XZU:dZidyUVÆNVn]WhdZqÉ|hqj]`bWd\m\Y2nNVU:]WHKNUW^qj]oXy[dfcQg>m\d\nY\
LNVqj]oUIXfqKmQgUWnoHKNMLX&O5?¡gm\d\nYpLNVqj]oUIXfb`N]WHKN¡zKXjUlhn¡dZz\e_Nn¼]`U;ndjqKUWhm\NVbWNmhq]WHKhU;;dZb`¿4
ÁÅÏZ©ª«\¬­M®K¯hU:Ld\m\NMNVm¦XZU:XZqdZbom\NMb`NVmUWNV¢AYpNVqKnNUdfcYKqpb`XZqp¿ZNmÀKXfz4NMNVm]Wb`NMNVUVÎÃq]`HphUboXfLN
;dZb`¿ÈZXfq¦­i­M¬­M®K¯?b`NNVb`Uc]WdXUlhqpZNb`dAdZ]WNm]Wb`NMNZAXfqKmXZqNMNMLNMqA]  U:¯ÌVÐbWNMNMboU?]Wd]WHpNXfz4NM4dfÀhi]`U
b`ddf]  N}XfUld{hiqA]`bWd\m\YKnMNQXqpdZ]WhdZq!dfIÏj©VªM«\¬­®2¯?ÊMª`ËK­¬Ìy\]`HKXy]nVXfqz2N*xhiNVNmXjU;X]_^k2N}UW^\U_]`NML
djb;mpdnMYpLNMqA]`UVcÁ m\hUl]WhqKn]WhxZN}XZUWk2Nn¼]Idf ]`HpN*UlhLkpihi½KNm!U`noHpNMLXXZqpZYKXZZNQU_]`YKm\hNVmhq!]WHphU;kKXfk4NMb
hU?]`dhqKnYKm\N]`HpN
&
dZk4NMboXy]WdjbVf]WHKXf]hUcYKUWNVm]`dU_]oXy]`Nkpb`dZk4NMbW]WhNVU?dZÀXm\d\nYpLNMqA]µb`NMAXfbom\NVU`U)dZÀ]WHpN
djb`mpNMbIdf+h§]oUNMNMLNMqA]oUM
ÎÃqÆNVn]WhdZqsKÀ;NkpbWNUlNVqA]*Xm\NVnMhmKXfzpN]Wb`NMNidjZhnhqA]WNMq2m\NVm¦dZb}¢AYpNMb`^hiqK!Qg¤m\d\nYpLNMqA]oUM
]`HpNÆHpNXxZNUQÛdZjhn¸/Æ\+»¼ÛGIHKhU}dZjhnnMXZqÉz4Nhqj]`NMb`kpb`N]WNmÉXjU}X8m\hib`NVn]N[]WNVqKUWhidjqÉdZµ]WHKNUWnoHpNVLX
_]_^k2N*UW^Ul]WNVL :h§]`H!dZjhnVXfKdjk2NVb`Xf]Wdjb`UV+GIHKNQUWHpNVXxjNVUµidjZhn:m\NVihz2NVb`Xf]WNVi^b`NVUWNML{zpiNU¡¸/XfqKmN[]WNVqKmpU
djq£UldjLNk4dZhqA]`Uo»G	Qc;X¢AYpNMb`^ÂXfqpjYKXfjNdZbUWNMLhiUl]Wb`YKn¼]`Ypb`NVm¤mpXy]oXzKXjUlNmÄdjq>]WHpN¤Ìy¬
¶´­M®K¯
©WÐZ¶´ª  p  Nckpb`NVUWNMqA]ÛHpNVbWNcX:UlhLhiXfb)idjZhnfh§]`H*]WHpN;m\hÈNMb`NMq2nN?]`HKXy]Û;Nµm\NXfjz2dZ]WHhi]WH}djb`m\NVbWNm
XZqKmÉYpqpdZbom\NVbWNm¦mpXf]`X8U_]`bWY2n¼]WYKbWNUM HKhiNG	QÄdjqp^¦m\NVXZU*hi]WHLYK§]`hUWN]dZNMNMLNVqj]oUMÁ:qpdf]`HpNMb
mphÈNMb`NMqKnMN}h§]`HG	QihNVUhq]WHpN{XZmpm\hi]WhdZq8dZ	XZbWhi]WHpLNM]WhnMXf)ndZq2U_]`b`XZhiqA]`UV?ÎÃq]WHphUNM[A]`NMqKmpNVm8dZZhnf
hi]:z4NVnMdZLNVUIdjb:hqKUl]`Xfq2nN}k4djU`UlhzpN}]WdNM[kKbWNUWUnVXfbom\hqKXfh§]_^!ndZq2U_]`b`XZhiqA]`UdZq]WHpNdnVnYpb`b`NMqKnMNVUIdfcXZq
NViNVLNMqA]hiqXm\d\nYKLNVqA]VKUWYKnoHXZU _]WHpNVbWN}XZbWN*LdZb`NQ½KNMmpUXfz4NMNVm8X{]WHKXZq8XZz2NViNm!z"*djbÃ]`HpNMb`N*hU
XZq!NVxZNVq!qYpL{z2NVbdf+½KNMmpUIXfz4NMNVm8Xp 
 HphN¦]`HpNÉXjmpm\hi]WhdZqÑdZndZYKqj]`hiqKÄndjqKUl]WboXfhqj]oUIXZU!kpYpb`NM^ÄLdf]`hixyXf]WNVmÑzA^>]`HpNÉkKbWNUlNVqKnNdZ
nMdZLLYp]`Xy]`hixjNdZk4NMboXy]`dZboUM	hi]LX^hqKnhm\NMqA]oXfi^kpb`dyxhm\N!XLd\m\NM;dZbªoÌ 	WÏf¶·®4Ì ¶·¯/±ªo©y®KÊo¯ 	WÌf¶·®K¯©y®
	`­²K­¯<¶·¯<¶´©y®pÊ¼	GIHpNVUWNIndZq2U_]`b`XZhiqA]`UVyZNVqpNMboXf^*mpNMqpdZ]WNVm
e{m,n}
hq{b`NMjYpXfb+djb`m}NM[\kpbWNUWUWhdZqKUVLXf]`noH
k
bWNVk2NM]Whi]WhdZqÉdfc]`HpN{NM[\kpbWNUWUWhdZq
e
ÈHpNMb`N
k,m
XfqKm
n
Xfb`Nhqj]`NMjNMboU¡UWYKnoH]`HKXy]
m 6 k 6 n
 XZqKm
XZbWNQXfUlddZYpqKm!hq]WHKN¡QgÆpnoHpNMLXUlk4NVnMh§½2nVXy]`hidjq +Á:§]`HpdZYKZH]`HphUhUIXfq!NMqye_dy^AXfzpN:ndjhiq2nhm\NMqKnMNZ
]`HpNUl]WYKm\^df?nMXfbom\hqKXfhi]_^ndZq2U_]`b`XZhiqA]`U;djqb`NMk4N]`h§]`hidjq!hUqpdZ]dZqpN*df	dZYKbZdjXZUV
ÎÃqÆNVn]WhdZq )pyN;hqj]`bWd\m\Y2nNX:qpNMÄnXZU`UÛdZ2XfY\]`dZLXy]`dZq}djb)YKqpb`XZqp¿ZNm*]Wb`NMNUÛhi]WHz4df]WHXZU`Uld\nMhXf
]`hixjN}XfqKmXZU`Uld\nMhXf]WhxZNÃndjLLY\]oXy]WhxZN¡Ul^Lz4dZUVnVXfiNm pËp­oÌyÍy­Ê ¡«\¯Ã©y¬Ìy¯ÃÌ8¸/ÆpÁ¡»¼2GIHpNVUWN}XfY\]`dZLXy]oX
XZbWNX]oXfhidjbWNmxZNVb`UWhidjqdfXZY\]WdjLXy]`X!XfbWNXZm\^kpb`dZk4djUWNVmz^8]`HpNXZY\]WHKdZboUOV~ *ÎÃq]`HpN]WboXfqKUWh§]`hidjq
b`NMXy]`hidjqdfµUWHpNVXxjNVUXZY\]WdjLXy]`XK2;NnMdZLzKhiqpN]WHpN{ZNVqpNMboXf)bWYpNVUdZbQbWNVZYpXfb]Wb`NMN{XZY\]WdjLXy]`Xhi]WH
b`NMjYpXfb;dZbom!NM[\kpbWNUWUWhdZqXfqKmnMdZYpqA]`hiqp!ndZq2U_]`b`XZhiqA]`UVIÎÃq8]WHphU:b`XZLNVdjbW¿Èpb`NMjYpXfb;dZbom!NM[\kpbWNU_
UWhdZqKUIXfdy£]WdNM[kKbWNUWUIndjqKUl]WboXfhqj]oUµdjqUWNV¢AYpNVqKnNUIdf+NMNMLNMqA]`UXZqKmXfb`N¡YKUWNVm!HpNVq8mpNVXfhqp{hi]WH
XjUWUWd\nhXy]`hixjNdjk2NVb`Xf]Wdjb`UV)XjU}hiq7]WHpNËK­oÏMÐA­Ìy«\¯Ã©y¬Ìy¯ÃÌ¦XZkpkpb`djXZnoHÛ dZb`b`NVUWk2djqKm\hqpZ^ZÛ]WHpNndZYKqj]`hiqK
nMdZqKUl]WboXfhqA]`UIXfb`NQYKUlNmh§]`H8XjUWUWd\nhXy]`hixjNÃndZLL{Y\]`Xf]WhxZNdjk2NVb`Xf]WdZboUV
GIHpN}nMdZYpqA]WhqpndZq2U_]`b`XZhiqA]`U;Xfb`N 	W­Ê
M«"	/ÐA­	 ÊÌ 	¼¶·¯Ë¬­M¯/¶´ª*nMdZqKUl]WboXfhqA]`UdyxZNMbµ]WHpN*qYpL{z2NVb;dZÛd\n¼
nMYpb`bWNVqKnNUdZ+NXZnoHm\h4NVbWNVqA]]_^Ak4N}df	NMNMLNVqj]oUMµÎÃqj]`Yphi]WhxZNM^Z2ndZYKqj]`hiqKndZq2U_]`b`XZhiqA]`UIXZkpk2NXfbXjUI]WHpN
nMdZYpqA]`NMb`kKXfbW]df?b`NMZYKXZbN[\kpb`NVU`UlhdZq2Uhiq]WHpN{kpbWNUlNVqKnN}dZµXndjLLY\]oXy]WhxZN{ndZLk4djUWh§]`hidjqdZk4NMboXy]`dZb
ÎÃq2m\NMNmÀHpNVq¤]WHpNÉdZbom\NMbdZ}]WHpNÉNMNMLNMqA]oUz4NVndjLNVUhb`bWNViNVxXZqA]V;]WHKXf]!hUM:HpNMq£;N¦m\NXf:hi]WH
z2XfjU;hqKUl]WNVXjmdf+UWNV¢AYpNVqKnNUM]`HpN}dZqKi^k4NMbW]WhqpNVqj]:nMdZqKUl]WboXfhqA]`UIXfb`N*Xfb`h§]`HpLN]WhnMXZ/  NnoHpddjUWN*acbWNU_
 +ü(
 ÈªoËp­M¬Ì*°
	W­o­)©WÐZ¶´ªÌy®ÈÏ\ËK­oÌyÍy­¼Ê¡«\¯Ã©y¬Ìy¯ÃÌ )
zKYpbWjNMb  UInMdZqKUl]WboXfhqA]`UIz4NVnMXZYKUWN¡]`HpNM^!qKXy]`YpboXfi^XZkpk4NVXfbHKNMq8N}NM[]WNMq2mU`noHpNVLXhi]WHX½p[\k4dZhqj]
djk2NVb`Xf]WdjbcXfqKmXZUWdz4NVnMXZYKUWNI]WHpNV^b`NMkKbWNUlNVqj]µXXZbWjNXfqKmm\NnhmpXfzKiN:nMXjUWUcdf ndjqKU_]`b`XZhiqA]oU?dyxZNVbck2dAU_
hi]WhxZN}q2Xy]WYKb`XZÀqAYKLz4NMboUMcgdjbWNVdyxZNVbVHphiN*]`HpNndjLkpiNM[\h§]_^dZ+LXZqA^!dZk4NMboXy]`hidjqKU;dZq8acb`NVUWzpYpb`ZNMb  U
XZbWhi]WHKLNM]Whn:hU;H^Ak4NMbWN[\k2djqpNMqA]`hXZ+¸´hiq]WHKN¡;dZboU_]nMXjUlN»¼A]WHKN*nMdZqKUl]WboXfhqA]`UdZzKUWNMb`xZNmhiqkpboXZn]WhnN*Xfb`N
xjNMb`^{UWhiLkpN:XZqKmh§]IUlNVNMLU?k4djU`UlhzpN]WdqKNMZNVn]c]WHKN:ndjLkKiNM[hi]_^dZ ndZq2U_]`b`XZhiqA]`UµUldjixhqp}hiqb`NVXZihUl]Whn
nMhibonYKLUl]`XZqKnNUM!ÎÃqKm\NVNVmÀ	UldjLNUlhLkpiNihLh§]oXy]WhdZq2U}dZq]WHKNXZnVnNMkp]`XfzKiNU`noHpNMLXjUM+UlYKnoHXjU*]WHpdAUlN
djYpqKmhq]WHpN  v b`NVnMdZLLNMqKmpXf]WhdZqKUVZXZbWNIhi¿jNM^]Wd}^hNMmXfZdZb`hi]WHpLU+h§]`Hk2dji^qpdjLhXZ\dZbchiqKNVXfb
nMdZLkpN[\hi]_^Z
  Ypb{N[]WNVqKUWhidjq7dfb`NMZYKXZb}]Wb`NMNXfY\]`dZLXy]`dZqXfkpk4NVXZb`U{¢AYph§]`NqKXf]WYpboXf;UlhqKnMNZ	HpNMqÂqpdÉnMdZYpqA]l
hqpndjqKU_]`b`XZhiqA]oUd\nMnMYpboUMc;N8dZz\]oXfhq¤ËK­`ÏVÐj­ÉÌy«\¯Ã©y¬Ìy¯ÃÌyIXÉUWhLkKiN8^ZNM]N 4Nn¼]`hixjNLd\m\NVIdZb¡g
U`noHpNVLXf]`XKKXfqKm8HKNMqqpdnMdZqKUl]WboXfhqA]`UId\nMnMYpbK;NdZz\]oXfhq8bWNVZYpXfbI]`bWNVNXfY\]`dZLXy]oXpIgdZb`NMdyxjNMb]WHpN
nMXjUWUIdZ+XfqKZYKXZZNVU;b`NVnMdZZqKhVNVmz^UlHpNXxZNU;XZY\]WdjLXy]`XNVqye_dy^\ULXfq^df+]WHKN*]_^AkKhnVXf kpb`dZk4NMbW]WhNVUIdZ
b`NMjYpXfbXfqpjYKXfjNVU;nMidAUlYKbWN}Ypq2m\NMbQYpqphdZq¦XZqKmhqA]WNMboUWNVn¼]`hidjq Èm\NVnMhmpXZzphihi]_^8df?]WHKN]WNU_]¡dZbQNMLk\]`h§
qKNVU`UM)iXZU;NM)XjUUldjLN}qpNM dZqKNVUVKhi¿jNndjUWYpb`NQkKbWdjk2NVbl]`hiNUYpqKm\NVb¡nMdZLk2dAUlhi]WhdZq8z^8XZU`Uld\nhXy]`hixjN
XZqKm8XZU`Uld\nMhXf]WhxZNÃndjLLY\]oXy]WhxZN¡dZk4NMboXy]`dZboUMcw:dZqpNM]WHpNViNUWUVKm\YpN]Wd]WHKNndjLzphqKXy]`hidjq!dZ+z4df]`HbWNVZY\
Xfb;;dZbomN[\kpb`NVU`UlhdZq2UµXfq2mndjYpqA]WhqpnMdZqKUl]WboXfhqA]`UVZ;N¡H2XxZN:qKd{m\NM]WNMb`LhiqKhU`Xy]`hidjqkpb`d\nNVmpYpbWN:hiq!]WHpN
jNMqpNVb`XZ2nVXZUWNZjXZqKm]`HpNMb`NdjbWN:h§];hU;qpdZ];XfIX^Uck2dAUWUWhizKiN:]Wd{nMdZLkpY\]`N]`HpNQnMdZLkpNMLNMqA];dfÛXZnVnNVk\]WNm
XfqKZYKXZZNVUV :dyNVxZNMbZm\NM]WNVbWLhqphUl]WhnÆ\ÁÑXZbWNnMidAUlNm{YKqKm\NMbXf\]WHpN:z2ddZNVXZqdZk4NMboXy]WhdZq2UMfhqKnMiYKmphiqp
nMdZLkpNMLNMqA]oXy]WhdZqÛ
¾;NdjbWNnMdZqKnMiYKmphiqp2f;NZhxZNIUldjLNIb`NVUWYpi]`U?djq]`HpNndjLkKiNM[hi]_^dZ4zKXjUlhn;kpb`dZzpNMLU+dZbcU`noHpNVLXjUM
¾;^m\NUlhZqÛfNMxjNMb`^¡djbWL{YpX:dZ2dZYKb+NM[]WNMq2m\NVm]Wb`NMN;idjZhnmphib`NVn]W^}bWNVXf]WNVU)]`d*XQm\NM]WNMb`LhiqKhUl]WhnIUlHpNXxZNU
XZY\]WdjLXy]Wdjq 	Á:UIXnMdZqKUWNV¢AYpNVqKnNjA;N:djz\]`XZhiq]WHpN*m\NnhmpXfzphh§]_^dfÛ]WHpN¬©ÏZ­lªoËp­oªy¶·®Ð*² 	W© 
i­M¬ dZb
ÆpcV]WHKXf])hU ½Kq2m\hiqK]WHKN;XZqKUl;NMboUÈ]`d¡X¢AYpNVbW^jXZqKm}dZ\]WHpN:ÊÌf¯/¶Ê³;Ì 
M¶  ¶·¯/±;² 	W© 
i­M¬Ê¼y]`HKXy]+hUÛ½KqKmphiqp¡h§KX
¢AYpNVbW^*hU+]Wb`hixhXfi^}NVLk\]_^Z+gdZb`NMdyxjNMbUWhiq2nNUWnoHKNMLXZU+Xfb`Nm\hb`NVn¼]`i^NMLz4NVmKm\NVmhiq{]WHpNILd\m\NMU+dfÀÆ\c
;N}nMXZqb`NMXy]WN}X¡g¦U`noHpNVLX{]`dXZqXjnMnMNMk\]`hiqpUWHpNVXxjNVUIXfY\]`dZLXy]`dZq!dZz\]oXfhqphiqK{]`HpN}m\NVnMhmKXfzphihi]_^
dZ+XZiÈzKXjUlhn:kKbWdjzpiNVLU;nMdZqKnMNMb`qphqpU`noHpNVLXjU	noHpNno¿Ahqp{]WHKXf]X{m\d\nMYpLNMqA]ndZqpdZb`LU]`dXU`noHpNMLXp
nMdZLkpY\]`hiqK]`HpN}UlNM]IdZ)m\d\nYKLNVqA]`U;]_^k2Nmz^XUWnoHKNMLXp\ndjLkpY\]Whqp]WHKN*UWN]dZ)m\d\nYpLNVqj]oU;]_^k2Nm
z^]`HpNm\h4NVbWNVqKnN*dZ)]_;dUWnoHpNVLXZUQi
 	 ;'
{()$  	!
}()
Qgm\d\nYKLNVqA]`U?Xfb`NIX}UlhLkpiN;]`N[]WYKXZpb`NMkpb`NVUWNMqA]`Xf]WhdZq}djb?YpqpboXfqp¿jNVmÀZNVm\jN;Xfz4NMNVm]Wb`NMNUMf]WHKXf]chU
]`bWNVNVUµh§]`HXfqYKq\½p[\NVm¸/XfqKmXfqYpqz4dZYpq2m\NVmK»cqYpLz4NMb;dfÛnoHphm\bWNVqXy];NVXZnoHqKdmpNVUV)ÎÃq]WHphUµb`NMk4dZbW]V
;N?djidy¦]`HpNµqKdf]`Xf]WhdZqKUÀdZYpqKmhiq*]`HpNµQº:YKnMNUW^\U_]`NML  v XfqKm}noHKdAdAUlNcX:UlhLkpihi½KNm}xZNVb`UWhidjq¡dZp¡g
mpdnMYpLNMqA]`UIz^NVXxhqpXZUWhm\N}Xf]l]Wb`hzpY\]WNUXfLdZqK{dZ]WHpNVbm\N]oXfhUV?gdjUl]df+]WHpN}UWhiLkph§½4nMXy]`hidjqKUXfq2m
qKdf]`Xf]WhdZqndZqxjNMqA]WhdZqKUµ]`XZ¿ZNVqHpNVbWN*Xfb`NQXZUWd{dZYpqKm!hq]`HpN*kpbWNUlNVqA]`Xy]`hidjqdf	g¦Æ\OZO5pXfqXy]l]`NMLk\]
]`ddZb`LXZihMN}UWdZLN*df)]WHpNnMdZb`NQhm\NXdjYpqKmhqQg7Æ\noHpNVLXp

 
Á£mpdnMYpLNMqA]V
d
jhU?XZq{djb`mpNMb`NVmUlN¢jYKNMqKnMN;dZ2NViNVLNVqA]`UV
a1[d1] · . . . ·an[dn]
ZHpNVbWN
ai
hUµX:]oXf*qKXZLN
XZqKm
di
hU{XUlYKz\mpdnMYpLNMqA]V8Á&m\d\nMYpLNMqA]LX^ÉXZUWd8z2NNVLk\]_^Z?m\NVqpdf]`NVm
ε
+djb}z2N!XndjqKU_]oXfqA]V
ü)ü 32ý54þ
u ¨Ì  Û¶  ¶´© ?«ZÐf¶´­
 NndjqKUlhm\NVb}ZhxZNMqUlNM]`U*dZ;Xy]`dZLhnmKXy]`X8nMdZqKUl]`XZqj]*kKXZbl]`h§]`hidjqpNVmÉhiqA]`dkKbWhLh§]`hixjNmKXy]`X!]_^k4NVUV ih¿ZN
 	 dZb
 	 djbhiqKUl]`XZqKnNjÂº¡dnMYpLNMqA]`ULX^z4N8nMdZqKnVXy]`NMqKXf]WNVm cm\NMqpdZ]WNm
d1 · d2
Xfq2m
]`HphU}ndZLk4djUWh§]`hidjq¦djk2NVb`Xf]WhdZqhU*XZU`Uld\nhXy]`hixjNhi]WHhmpNMqA]Whi]_^NMNMLNVqj]
ε
ÎÃqdZbom\NMb¡]WdUWhiLkphi^dZYpb
kKbWNUlNVqj]oXy]`hidjq K;Ndjqpi^nMdZqKUWhmpNMb]`HKXy]Q]WHKN{UWN]*df?]`XZqKXZLNU¡XZqKm8]`HpNUWN]QdfµmpXf]`X!ndZq2U_]oXfqA]`U¡Xfb`N
z4df]`H½Kqphi]WNZKzpY\]:XfÀdZYKbbWNUlYpi]`UnVXfqz2N}NM[]WNMq2m\NVm!]Wd]`HpN}nMXjUlN*df	hq\½Kqphi]WNUWN]oUM
 $ Ó  Ó   Ø × %	 Ó V
e ::=
NMNMLNMqA]
a[d]
NMNMLNVqj]Xfz4NMNVm
a
pndjqA]`Xfhqphqp
d
d ::=
m\d\nYpLNMqA]
ε
NVLkp]_^!m\d\nYKLNVqA]
nMUl] nMdZqKUl]`XZqj]¸/Xfq^]_^k2N»
a[d]
NMNMLNVqj]
d1 · d2
m\d\nMYpLNMqA]:ndjLk4djUWhi]WhdZq
 $ Ó  ¯<±`²4¶´ªoÌ+­M®K¯ 	¼±©Ì 
M¶ 
 ¶´©WÐ'	WÌo²pË¶´ªoÌ?ÏjÌy¯ÃÌ 
oÌÊM­ªo©y«"iÏ 
o­}¯Ëp­ÏZ©ª«\¬­M®K¯
book [title[  	¼¯© c©y¬:²4«\¯Ã­	  	W©WÐ'	WÌf¬{¬¶·®AÐ  ] · author [ "! ®2«\¯·Ë  ] · year [1970]]


 
 #%$'&)(+* -, 
GIHKN:m\N½2qph§]`hidjqdfÀ¡g¦¦Æ\noHpNVLXLdAU_]`i^dZidyU?]WHpN¡kpbWNUlNVqA]`Xy]`hidjq{LXjm\Nhqg¦Æ\ OZO5?wdjqpN]`HpN
NVU`UVV;Nczpb`hiqKUldjLNUlhLkpihi½2nVXy]WhdZq2UÛXfq2m*Ld\m\hi½2nVXy]WhdZq2UÈ]Wdz4N]W]WNVbÛ½p])dZYpb)dZz\e_Nn¼]WhxZNj ÎÃq}kKXZbl]`hnMYpXZbV
;NndjqKUlhm\NVb¡]`Hpb`NMNUWNMkKXZb`Xf]WNUl^qA]`Xjn¼]WhnMXZ?nMXy]`NMjdZb`hiNU
E
dZb}NMNMLNVqj]U`noHpNVLXm\NM½Kqphi]WhdZqKUV
S
dZb
¸´bWNVZYpXfb¼»QUWnoHKNMLXy]oXp)XZqKm
T
dZbU`noHpNVLXf]`X!]WH2Xy]LX^¦djqp^XZkpk2NXfbXf]]WdjkiNVxZNMµdfXfqNMNMLNVqj]
mpN½Kqphi]WhdZqÛ
.Û0/ Ó 7K
E ::=
"ciNVLNMqA]:UWnoHKNMLX
a[T ]
NMNMLNVqj]hi]WH]oXf
a
XZqKmhqA]WNVbWhdZbILXy]onoHphiqK
T
a[T ]?
dZkp]WhdZqKXZÀNMNMLNMqA]
Datatype
mKXy]`Xf]_^k2NnMdZqKUl]`XZqj]
S ::=
RNMjYpXZbUWnoHKNMLX
ε
NVLkp]_^!U`noHpNMLX
E
NViNVLNVqA]
S1, S2
UWNV¢AYpNVqj]`hXZ ndjLk4djUWhi]WhdZq
S | S
noHpdjhnMN
S∗
hqKm\N½2qph§]`Nb`NMk4N]Whi]WhdZq¸"1*NMNVqpNUl]`Xfb¼»
T ::=
GÛdjk\<NMxjNM U`noHpNMLX
AnyT
Xfq^]_^k4N¸LXy]onoH8NMxZNVbW^A]`HphiqKA»
 +ü(
 ÈªoËp­M¬Ì*°
	W­o­)©WÐZ¶´ªÌy®ÈÏ\ËK­oÌyÍy­¼Ê¡«\¯Ã©y¬Ìy¯ÃÌ -
S
b`NMjYpXZbUWnoHpNVLX
E1 & . . . & En
hqA]WNMb`NVXxhiqKnMdZLk2dAUlhi]WhdZq
Á UWnoHKNMLX7hUz2XZUWhnVXfi^¤X7b`NMjYpXZbNM[kKbWNUWUWhidjq>]WHKXf]8nMdZqKUl]WboXfhqKU]`HpNdZbom\NMbXfqKm£qYpL{z2NVb!dZ
d\nVnYpb`bWNVqKnNUÛdZKNMNMLNVqj]oU+hiqX¡mpdnMYpLNMqA]V	ÁqNMNMLNVqj]
a[T ]
fm\NVU`nb`hz2NU+mpdnMYpLNMqA]`U)]`HKXy]cndjqA]`XfhqKU
XUWhqpZN}]WdjkNMNMLNMqA]]oXfZjNVmhi]WH
a
XfqKmNMq2ndjUWhiqpXUlYpzpm\d\nMYpLNMqA]:UWXf]WhU_^hqp]WHKN{U`noHpNMLX
T

Á:q8dZk\]`hidjqKXfÀNViNVLNVqA]V
a[T ]?
\LXy]`noHKNVUIdZqKNQdjb MNVbWdd\nMnMYpbWb`NMq2nNQdf
a[T ]

GIHpN*ndjqKUl]Wb`YKn¼]`dZboU?dZb*¸b`NMjYpXfb¼»?UWnoHKNMLXy]oX}hiq2nYKm\N¡]WHpN*U_]oXfqKmKXfbomdZk4NMboXy]`dZboU	dZYpq2mhqb`NMZYKXZb
NM[\kpbWNUWUWhdZq}XfqpjYKXfjNVUVVHpNVbWN
S, S′
Ul]`XZqKmpU)dZb	ndjqKnMXf]WNVqKXy]`hidjqXfqKm
S | S′
dZb	noHpdZhnNj pdjb+UWhLkKihn¼
hi]_^bWNXZUWdZqKUVp;NHKXxZNnoHKdjUWNMq8z2dZ]WHhi]WNVb`Xf]WhdZq 
S∗
4XfqKm8djk\]WhdZq 
a[T ]?
KhqKU_]`NVXjm8df	]WHpN{bWNVk2NM]Whi]WhdZq
djk2NVb`Xf]Wdjb
S{m,n}
djYpqKm!hiq]`HpNÆ\noHpNVLXb`NVnMdZLLNMqKmpXf]WhdZq 
GIHpN*LdjUl]dZb`hijhiq2XfÈdZk4NMboXy]`dZb;hU;]`HpN¶·®K¯Ã­	5i­oÌfÍV¶·®Ð©o²p­	WÌf¯©	¼
E1 & . . . & En
pHphnoH8m\NVU`nb`hiz4NVU
mpdnMYpLNMqA]`U:ndZqA]oXfhqphiqK¸´N[pXZn]W^\»;NViNVLNMqA]`ULXf]`noHphqp
E1
]`d
En
b`NMAXfbom\NVU`UµdZ)]`HpNMhbdZbom\NVbV   Ypb
UWhLkKihi½KNVm£Æ\noHKNMLXm\N½2qph§]`hidjqÑXfUldnMdZqA]`XZhiqKUXnMdZqKUl]`XZqA]V
AnyT
IHphnoH£Ul]`XZqKmpUdjb]WHpNLdAU_]
jNMqpNVb`XZ4]_^Ak4NZKdZbÌy®2±2°\±`²K­hq]WHpN}QgÆ\noHpNVLX{]`NMb`LhqpdjidjZ^ OpHphnoHm\dNUIqpdf]:nMdZqKUl]WboXfhqhi]`U
nMdZqA]WNVqA]¡hqÉXfq^8IX^Z pdjb¡NM[\XZLkpiNjÈ]WHpN{dZdyhiqpUWnoHKNMLXUl]`Xf]WNVU:]WH2Xy]}XxyXfhmz4dAdj¿8NMqA]Wb`^HKXZU
XZqXZY\]WHKdZbqKXZLNjpX{]Whi]WNXfqKm!k4djU`Ulhzp^XkpYpzphnVXy]`hidjq^jNVXZb*¸´hiqXZqA^dZbom\NMb¼»¼
 $ Ó QÊoÊ¼«\¬¶·®AÐ¯ËpÌy¯
String
Ìy®4Ï
Year
Ì	W­*¯Ëp­ÏjÌy¯ÃÌy¯<±`²p­ÌyÊoÊ©ªM¶´Ìy¯Ã­`Ï¯©Ê¼¯ 	¼¶·®ÐÌy®ÈÏÏZÌy¯Ã­
ªo©f®pÊ¼¯Ìf®K¯/Ê 	¯Ëp­ ©  ©?¶·®AÐ!ÊMªoËp­M¬Ì¬Ìy¯Ãª`ËK­¼Ê}¯Ëp­ 
`©©!­M®K¯ 	¼±Ðf¶·Íy­®É¶·® #Ìf¬² i­
	 
book [ author [String] & title[String] & year [Year]? ]

ÎÃq]WHphU+bWNVk2djbl]yih¿ZNhiq]WHpN;kpb`NVUWNMqA]`Xf]WhdZqdZ2g¦Æ\µ;NµkKbWNMNMb)]Wd*U_]`hno¿*]`d¡XfqXfZNVzpb`XZhnµm\N½KqKh§]`hidjq
dZ+U`noHpNMLXjUhqKUl]WNXZm!df	YKUlhqp]WHKN*nMdZqKnMbWNM]WN}UW^AqA]oXy[ZhxZNVq!hq!]WHpN}Qg7Æ\noHpNVLXUWk2Nnhi½2nMXf]WhdZq iO<
ÎÃqk2XfbW]WhnYpXfbZhq]WHKN¡gÆ\noHpNVLXUlk4NVnMh§½2nVXy]`hidjq jnMdZLk2dAUlhi]WN¡UWnoHpNVLXZUcXZbWNdjbWLNmYKUlhqp{Ð'	W©f«²2Ê
©:­i­¬­M®K¯/ÊIhqKUl]WNXZmdf4]WHpNz2XZUWhn;dZk4NMboXy]`dZboU+hiqA]Wb`d\m\YKnMNVmHpNMb`NZ pdjb?hiq2U_]oXfqKnMNZZY2Ulhqp}¡g¦UWnoHpNVLX
]`NMb`LhiqpdjidjZ^jp]WHKNUWNV¢AYpNVqj]`hXZ)nMdZLk2dAUlhi]WhdZq
(E1, . . . , En)
nMdZb`bWNUlk4dZq2mpU]`d!XÊM­M«K­®Èª`­*Ð'	W©y«²7Xfq2m
]`HpN]`NMqKUWdZbkpbWd\m\Y2n¼]
(E1 & . . . & En)
nMdZb`bWNUlk4dZq2mpU]WdÄXfqrÌ  Ð'	W©y«²È  NÉhiQbWNM]`Xfhq¤]WHKhU
xjd\nMXfzKYpXZbW^hq]WHpN}b`NMLXfhqKm\NVbIdf+]WHphUI]WNM[]V
GIHpNm\hUl]WhqKn¼]`hidjq{dZ4X:]WdZkp<NMxjNMUWnoHpNVLX¡XZidyUÛNM[\kpbWNUWUWhqpQUWdZLN;dfp]`HpNndjqKU_]`b`XZhiqA]oU)XjUWUWd\nhXy]WNm
]`d]`HpNhiqA]`NMb`iNXxAhqp!dZk4NMboXy]WdjbVÈhi¿jNdjb*N[pXfLkpN]`HKXy]
&
L{YKU_]XZkpk2NXfb}XZU¡]`HpNUldjiNnoHphmÉXy]*]WHpN
]`dZkdZÀXZqNMNMLNMqA]U`noHpNMLXK KdZbchqKUl]`Xfq2nNZAYpqKmpNMb?]`HphUb`NVUl]Wb`hn]WhdZq y]`HpN]`NMb`LU
E1, (E2 & E3)
Xfq2m
(E1 & E2)∗
Xfb`Nhii<dZb`LNmÀ{Á:qpdf]`HpNMb*b`NVUl]Wb`hn]WhdZqdjYpqKmÉhiqÉ]WHKNQg£Æ\noHpNVLXUWk2Nnhi½2nMXf]WhdZq¦hU
djz\]`XZhiqKNVmz^hiLhi]Whqp]WHpNdZk\]`hidjqdjk2NVb`Xf]WdjbI]WdNMNMLNVqj]:U`noHpNVLXjUMKkpbWNnYKm\hqp]WNVbWLUdZ+]`HpN*dZb`L
(E1 & E2)? & E3
ÁqXZm\xyXZqj]oXfjNdfµdjYpb}XfkpkKbWdAXZnoHhU:]`HKXy]Àih¿ZNhq]WHKN{Qg£Æ\noHpNMLX!Ulk4NVnMh§
½4nMXy]`hidjq ÈdZk\]`hidjqKXf+NMNMLNVqj]oUQLX^Ul]Whi	z4N{Y2UlNmhqKUlhm\NXfqÉhiqA]WNVbWNVXxhqpdjk2NVb`Xf]WdZb pdZbQhqKU_]oXfqKnMNZ
]`HpN*]WNVbWL
(E1 & E2?)
nMdZb`bWNUlk4dZqKmKUc]`dX{xyXZihm!U`noHpNVLXK
G)d:nMXZk\]WYKbWNµUWdZLNµUWhi]WYKXf]WhdZqKU)Xfb`hUWhiqKhiqkKb`Xjn¼]WhnNjV;NcNVqpbWhnoHU`noHpNMLXy]oXIz^¡b`NVnMYpb`UWhxZNcm\NM½Kqphi]WhdZqKU
kKbWNUlNVqj]`NVmz^XUW^\U_]`NML df N¢jY2Xy]WhdZq2UM?GIHphUnVXfqz4N¡UWhLkKi^djz\]`XZhiqpNmz^NMqpb`hnoHKhiqp]WHpN*Ul^qA]`Xf[dZ
ü)ü 32ý54þ
 ¨Ì  Û¶  ¶´© ?«ZÐf¶´­
U`noHpNVLXjU+h§]`HX}UWN]?dZ	¸/UWnoHpNVLXj»)xyXfb`hXZzpiNUMZb`XZqpZNmdyxZNVb	zA^
X ,Y , . . .
	GIHpNVq jXQb`NVnYKb`UWhixjN;U`noHpNVLX
hUIXfqNM[\kpbWNUWUWhdZqdfÛ]WHpN¡dZidyhqpdZb`LHpNVbWN
X1, . . . ,Xn
XZbWNb`NMN*U`noHpNMLXxyXZbWhXfzpNVUµd\nMnYKbWb`hiqK
hq
S, S1, . . . , Sn

S where X1 = S1, . . . ,Xn = SnGIHpN
where
ndjqKU_]`bWY2n¼]hUXÉzKhiqKmpNMbdjb]WHpNxyXfb`hXfzpNVU
X1, ..,Xn
hq
S, S1, . . . , Sn
XfqKmÄN
nMdZqKUWhm\NMb;]WHKhUdjk2NVb`Xf]Wdjb;YKk\/]`d
α
bWNVqKXfLhqpdf+z2djYpqKmqKXfLNU 
 $ Ó­¬Ìy± µÌy®2¯;¯Ã©8­ #j¯Ã­®ÈÏ 
o©©8­M®K¯ 	¼¶´­¼Ê ?¶·¯·ËÌ
ref
­i­M¬­M®K¯ I¯·ËKÌy¯  ¶Ê¼¯´Ê{¯·ËK­­®2¯ 	¼¶´­Ê
ªM¶·¯Ã­`ÏÉ¶·®>¯·ËK­ 
o©V© '¹°ÈË¶Ê¶Ê}²K©ÊoÊ¼¶ 
i­«Êo¶·®ÐÉ¯·ËK­ ©  i© ?¶·®AÐ 	`­`ªM«"	oÊ¼¶·Í­ÊMªoËp­M¬Ì  )Ëp­	W­
Book
¶Ê!Ì
ÊMªoËp­M¬ÌÍyÌ 	¼¶´Ì 
­5¬­oÌy®K¶·®Ð8¯ËpÌy¯:Ì 
o©©­M®K¯ 	¼±¬Ìy±8Ì  ÊM©ªo©f®K¯ÃÌy¶·®7Ì!ÊM­ M«K­M®4ªo­© 
`©©8¶·®¶·¯´Ê
ref­i­M¬­M®K¯
Book where Book = book [ author [String] & title [String] & Ref ],
Ref = ref [ Book∗ ]?
°ÈË\¶Ê{­ #Ìy¬:²%­¬Ìf± 
o­{­$#²%	W­ÊoÊ­oÏ¶·®É¯Ëp­ © i©?¶·®Ð µÌy±«Ê¼¶·®Ð¯Ëp­ªo©y®Èª	W­M¯Ã­}Ê¼±y®K¯ÃÌ# ©f«\®4Ï¶·®É¯Ëp­
 ÈªoËp­M¬ÌÊ<²p­oªM¶ ³ªoÌy¯<¶´©y®

	     +!"#$ +%&!'

	    !(%  +!*)!(!$! %+&!'

	, - 
   $! + !"!$! %+'
.	 '
.	+  -  !%/!0# ! +!% .	1	  	&!'
.	+  -  !% 0% !! +! .		 	%+&!'
.	+  -  !( !(2 
3 ,!, / 	 %4%+&'
 & .	 '
 & .	,  
   $! +!'

	, - 
   $! + !*)(!$! +.+'
.	5	 !6/  , '

	   !(!7  
3 ,, / 	 4.7%  3 ,, / 	 /!/    +&!'
 & .	+	 !6/+  , '
 & .	,  
   $! +!'

w:N[]Vp;N*N[\kphnMh§]]`HpN}b`dZNQdZ	Æ\noHKNMLXXZUX{]_^k2NUW^\U_]`NML&djbm\d\nYpLNVqj]oUM

98 (+* -, ,  :<; >= 5?A@   
 N*m\N½KqKN:]`HpN:b`NMXy]`hidjq
Γ ` d : S
LNVXfqKhiqp]WHKXf]]`HpN*m\d\nYpLNMqA]
d
U`Xy]`hUl½KNUc]`HpNQU`noHpNVLX
S
YpqKm\NVb
]`HpNH^k4df]WHKNVUWhU
Γ
	HpNMb`N
Γ
hU{XLXfkpkphqp¦bWdjL xyXfb`hXfzpNVU*]`dÉU`noHpNMLXK  NUlhLkpi^b`h§]`N]WHKhU
b`NMXy]`hidjq
d : S
HpNVq]WHpNUWN]df	H^k2dZ]WHpNUlhUIhUINVLk\]_^Z
B Ù ÚÜDC+ûFE  <ÚÜ#Ý;âfÜ G lÝ`ß à"á/à$ Ü_âÛß<ÚÜcÝ   ß(:ß/à yÝ#Ü+ÜWÝ<Ú)¼á/à¼ÞÜHG  ß
 à" 2I{Ü ààoß%_à"â
 Ü_á
ß<Ú â ÜHJMß<Üâ
 à"*ÚÜ_á/Ü¼ù ÞVß)á´Ü_Þá/â
 Ü oÝoá
 Ý Ülâ #Ý$ á/à$ ÜµÝ lÜ	ãÀÝ$ß<à#à Ü yÝ#, )2
 +ü(
 ÈªoËp­M¬Ì*°
	W­o­)©WÐZ¶´ªÌy®ÈÏ\ËK­oÌyÍy­¼Ê¡«\¯Ã©y¬Ìy¯ÃÌ 
GIHpNNMLk\]_^¡]_^kphiqKNMqxhib`dZqKLNVqA] hU+m\NMqKdf]WNm
∅
Xfq2m
Γ,X : S
mpNMqpdZ]WNVU ]WHpNµLXZkpkphqp
Γ
N[]WNVqKm\NVm
hi]WHXZqXZU`Uld\nMhXf]WhdZqz2NM]_NVNMq
X
Xfq2m
S
GIHpNm\djLXZhiq8df
Γ
hU:mpNMqpdZ]WNVm
dom(Γ)
Xfq2m
Γ(X ) = SLNXfqKU*]`HKXy]}]`HpNxyXfb`hXfzpN
X
hU}LXZkpk2Nm]Wd
S
hq
Γ
ÎÃq]WHKNdZidyhqp2Û;Ndjqp^ÉndjqKUWhm\NVb;NM§
djbWLNmÉH^k4df]WHKNVUWhUV)m\NVqpdf]`NVm
Γ ` 
	UlYKnoH]`HKXy]]`HpNMb`NhUdZqKi^ÉdZqpNU`noHpNMLX8XZU`UWdnMhXf]WNm]`dNVXjnoH
xyXZbWhXfzpNQhiq
dom(Γ)

  ×Û× Ø    ×   Ó  
∅ ` 
Γ `  X 6∈ dom(Γ)
Γ,X : S ` 
GIHpN¦bWNVXf]WhdZq
Γ ` d : S
hUzKXZUWNVm¤djq¤XZqÑXfY\[\hihXfb`^Ypq2n¼]WhdZqÛ
inter(d)
HphnoHÑndjLkKY\]WNU
]`HpN¶·®K¯Ã­	5i­oÌyÍ¶·®AÐ>dfQ]WHKNNMNMLNMqA]oUhiq
d
;]WHKXf]hUXf]WHKN¦m\d\nYpLNMqA]oUdZz\]oXfhqKXfzKiN8b`dZL
d
Xy·]`NMb
k4NMb`LYp]`Xy]`hidjq*dfh§]oU NMNMLNVqj]oUM)gdZb`N	dZb`LXfi^j
inter(ε) = {ε}
XfqKmÀhi
d
hUÈ]`HpNµm\d\nMYpLNMqA]
e1·. . .·en

]`HpNMq
inter(d)
hU]`HpN{UWN]¡nMdZqA]`XZhiqKhiqp]WHpNm\d\nYpLNMqA]oU
eσ(1) · . . . · eσ(n)
dZb¡XZi+k4NMb`LY\]oXy]WhdZq
σ
dZ
]`HpN}hqj]`NMb`xyXf
1..n

  ×Û× Ø  ×    Ó 
Γ ` d : T
Γ ` a[d] : a[T ]
Γ ` d : T
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Γ ` d : S | S′
Γ ` d : S′
Γ ` d : S | S′
Γ ` d1 : S, . . . ,Γ ` dn : S
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GIHKNMq )dZbXZq^acb`NVUWzpYpb`ZNMb  U}ndZq2U_]`b`XZhiqA]V
φ
	hi]hU}k2dAUWUWhzpiN]`dm\N½2qpNXfq£¸NM[]WNMq2m\NVm
b`NVnMYpboUlhxZN»µU`noHpNMLX]WHKXf]LXy]`noHKNVU;]WHKN}xZNVn]Wdjb`U;df	hqj]`NMjNMboU;U`Xy]`hUl^hiqK
φ

 KdZbIN[pXfLkpNZA]`HpNQU`noHpNVLX
µX .((a1 & a2 & X )|ε)
hUIXZU`UWdnMhXf]WNm]Wd{]WHpN¡dZb`LYKX
# a1 = # a2¸]WHpNVbWNXfb`N{XjU:LXfq^
a1
 U]`HKXfq
a2
 U`»¡XfqKm
µX .((a1 & a1 & X )|a1)
]Wd]WHpN{dZb`LYKX
∃N.#a1 =
N +N + 1
¸·]`HpNMb`N}hUXZq8dmKmqYpL{z2NVbdf
a1
 UM »
  ×  ×    ´× A )© 	}­Íy­	¼±  	`­¼Ê 
M«"	/Ðj­	 Ê ©	¼¬{«"Ì
φ
+¯Ëp­	W­*¶Ê}Ìy®­ #j¯Ã­®ÈÏZ­oÏ 	W­oªM«"	oÊo¶·Íy­¡ÊMª`ËK­¬Ì
S
?Êo«KªoË¯ËpÌf¯
d : S
¶ Ìy®4Ï©y®  ±¶ 
|= φ#(d)

  × × Áq^7aµbWNUlzpYKbWjNMb  U{dZb`LYKXK
φ
hUXZU`Uld\nMhXf]WNVm7]WdXÉ½Kqphi]WN8YpqphdZq>df*hiqpNXfbUWN]`U]`HKXy]
nMdZb`bWNUlk4dZq2m]Wd]`HpN}LdmpNM dZ
φ

Á¡UWUWYpLN]WHpNLd\m\NMUQdf
φ
hUQX8UWhiqKZN{hiqKNVXfbUWN]
L(b, P )
 hi]WH
P = {p1, ...,pk}
 N]
[[p]]XZqKm
![[p]]
z4NQ]WHpN*djidyhqpN[]WNVqKm\NVmb`NVnMYpb`UWhxZN¡U`noHpNVLXK\HpNMb`N
p
hU;]`HpN}xZNn¼]Wdjb
(n1, ..., np)

[[p]] =   (a1[ε] & ... & a1[ε]
︸ ︷︷ ︸
n1   
	
& ... & ap[ε] & ... & ap[ε]
︸ ︷︷ ︸
np   
	
)
![[p]] =   µX .(ε | a1[ε] & ... & a1[ε]
︸ ︷︷ ︸
n1   
	
& ... & ap[ε] & ... & ap[ε]
︸ ︷︷ ︸
np   
	
& X )
GIHKNMb`NdZb`N*X{m\d\nMYpLNMqA]
d
UWXf]WhU_½2NVU
[[p]]
h§?XfqKm!dZqKi^
#(d) = p
cÛhi¿jNMhUlNjXm\d\nMYpLNMqA]
d
UWXf]WhU_½2NVU
![[p]]
h§	XfqKmdjqp^hi)hi]IhU]WHKNQnMdZLzKhiqKXf]WhdZqdZÛUlNVxZNVb`XZ2m\d\nYKLNVqA]`UV
d1, ..., dλ
pUWYKnoH]`HKXy]
#(di) = pdjbXf
i ∈ 1..λ
\]WH2Xy]hUM]`HpNMb`N}N[\hU_]oU
λ ∈ N
UlY2noH!]`HKXy]
#(d) = λ.p

ÛN]
S
z4N]WHpNN[]`NMqKm\Nmb`NVnMYpb`UWhxZN{U`noHpNVLX
[[b]] & ![[p1]] & ... & ![[pk]]
{GIHpNVqÉXm\d\nYpLNVqj]
dU`Xy]`hUl½KNU:]`HpNUWnoHKNMLX
S
h§Xfq2mdZqKi^hi
d
hU}X!nMdZL{zphiq2Xy]WhdZqÉdfIX!m\d\nMYpLNMqA]UWXf]WhU_^hqp
[[b]]
hi]WH
¸/Xfq^qYpLz4NMb¼»{df*m\d\nYpLNMqA]oUUWXf]WhU_^hqpdZqpN!]WHpNU`noHpNVLX
[[pi]]
;h§]`H
i ∈ 1..k
>GIHpNMb`NdjbWNj
dU`Xy]`hUl½KNUµ]`HpNU`noHpNMLX
S
hicXfqKm!dZqKi^hi
#(d)
hUhq
L(b, P )
p]WHKXf]hU
|= φ#(d)

Á¡UWUWYpLN]WHKNLdmpNMUcdf
φ
hUµXndjLzphqKXy]`hidjqdf4]WHpNhqpNVXZbµUlNM]`U
L1, ..., Lm
  pb`dZL¹]`HpNkpb`NMxhdZYKU
nVXZUWNZ4NnMXZq¦ndjqKUl]Wb`YKn¼]¡]WHpNUWnoHKNMLXZU
(Si)i∈1..m
UWYKnoH]`HKXy]QdZb*Xf
i ∈ 1..m

d : Si
hiXfq2mdZqp^
hi
#(d) ∈ Li
ÛN]
S
z2N]WHpNU`noHpNMLX
S1 | ... | Sm
;GIHpNMb`NdjbWNj
d
U`Xy]WhUl½KNVU
S
hi?XZqKmdZqp^hi	]WHpNVbWN
NM[\hUl]`UXZq!hqKm\hnNU
i ∈ 1..m
UWYKnoH!]WHKXf]
#(d) ∈ Li
p]WHKXf]hU
|= φ#(d)


 NnMdZqye_Nn¼]`YpbWN]WHKXf]¡]`HphUQXfzKhih§]_^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hU¡Xacb`NVUWzpYpb`ZNMb  U
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Xjmpm\Nm!Xf]]WHpN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djLkKiNM[hi]_^Z
GIHpN{dZb`LYKXjU:dZ;Æ\ boXfqpjNVmdyxjNMb¡zA^
A,B, . . .
XZbWN{ZhxZNVqz^!]`HpN{dZidyhqpjb`XZLLXZbV*GIHpN
djbWL{YpXZU XZbWN	kKXZbl]`h§]`hidjqpNVm*hqA]Wd]`HpbWNVNµUW^AqA]oXZn¼]`hnVXffnVXy]WNVZdjbWhNVU?¸_O»µ­i­M¬­®2¯´Ê ©	¼¬{«"Ìy
E
]WdNM[\kpbWNUWU
kKbWdjk2NVbl]`hiNUdf}X7UWhiqpjiNNViNVLNMqA]hqÑXm\d\nYpLNMqA]

¸<|Z» 	W­ÐZ«"iÌ 	 ©	¼¬{«"ÌÊ¼
S
ndjbWb`NVUWk4dZqKm\hqp]Wd
b`NMjYpXfb;N[\kpb`NVU`UlhdZqKU;djqUWNV¢AYpNVqKnNUIdf)NViNVLNMqA]`U

¸´vA»}ª`©f«\®K¯<¶·®AÐ © 	¼¬«"iÌÊ¼
T
]`dN[\kpb`NVU`UndZYKqj]`hiqK
nMdZqKUl]WboXfhqA]`UdjqzKXZjUdZcNMNMLNMqA]oUM4]WH2Xy]¡hU¡hiq]`HpNUlhi]WYKXf]WhdZqHpNVbWN]WHpN{dZbom\NMb¡df?]`HpNNViNVLNVqA]`U¡hU
hb`bWNViNVxXZqA]V
× 	  j$ × 	$´p
E ::=
"ciNVLNMqA]
a[S]
NMNMLNVqj]hi]WH]oXf
a
XZqKmb`NMjYpXfb;dZb`LYpX
S
a[T ]
NMNMLNVqj]hi]WH]oXf
a
XZqKm!nMdZYpqA]`hiqpdjbWL{YpX
T
AnyE
Xfq^]_^k4N¸LXy]onoHXfq^NMNMLNMqA]¼»
Datatype
mKXy]`Xf]_^k2NnMdZqKUl]`XZqj]
nMUl] nMdZqKUl]`XZqj]
S ::=
RNMjYpXZbIdZb`LYpX
ε
NVLkp]_^
E
NViNVLNVqA]
S, S′
UWNV¢AYpNVqj]`hXZ ndjLk4djUWhi]WhdZq
S∗
hqKm\N½2qph§]`Nb`NMk4N]Whi]WhdZq¸"1*NMNVqpNUl]`Xfb¼»
S ∨S
noHpdjhnMN
¬S
qpNVjXf]WhdZq
T ::=
dZYpqA]WhqpdZb`LYKX
∃N : φ(N) : N1E1 & . . . & NpEp
jNMqpNVb`XZihMNmhqj]`NMb`iNXxhiqp8¸
N = (N1, . . . , Np)
»
T ∨T
noHpdjhnMN
¬T
qpNVjXf]WhdZq
ü)ü 32ý54þ
OVs ¨Ì  Û¶  ¶´© ?«ZÐf¶´­
A,B, . . . ::=
 pdZb`LYKX
S
b`NMjYpXZb;dZb`LYpX
T
nMdZYpqA]WhqpdZb`LYKX
A∨A
noHpdjhnMN
¬A
qpNVjXy]`hidjq
Á¡Ulhm\N8b`dZL ]`HpNYKUWYKXfkKbWdjk2dAUlhi]WhdZqKXZidjZhndjk2NVb`Xf]Wdjb`UVµdjYpbLXfhq¤Xjmpm\hi]WhdZqÄ]Wd]`HpNidjZhnhU
]`HpN WÁq^ "cNMLNMqA] !LdmKXfh§]_^j
AnyE
cXfqKmÂX¦ndjqKUl]WboXfhqpNVmdjbWLdfNM[\hUl]WNVqj]`hXZ;¢AYKXZqA]Whi½2nMXf]WhdZq 
∃N : φ(N) : N1E1 & . . . & NpEp
K]WHKXf]:LXy]`noHKNVUm\d\nMYpLNMqA]`U:LXjm\N}df
n1 + ... + np
NMNMLNMqA]oUM
hi]WH
ni
NViNVLNMqA]`U¡LXy]`noHKhiqp
Ei
Àb`NMAXfbom\NVU`UIdfc]`HpNMhb¡djb`mpNMb4XZqKmUWYKnoH]WH2Xy]
(n1, ..., np)
U`Xy]`hUl½KNVU
]`HpN*dZb`LYKX
φ

GIHpN¡hiLkpb`dyxZNmhiqA]WNVbWNVXxhqp}dZk4NMboXy]`dZbfhqKUlkKhib`NVmz^{]WHpN¡bWNVXf]WhdZqz2NM]_NVNMqU`noHpNVLX}XZqKmnMdZYpqA]l
hqpnMdZqKUl]WboXfhqA]cZhxZNMqhqÆNVn]WhdZqvKiOjfhUµYKUWNYpK]WdNM[kKbWNUWU	LdZb`Nhiz4NMboXf2kpbWdjk2NVbl]`hiNU?dZqm\d\nMYpLNMqA]`U
]`HKXfq¤hi]WH¥Æ\noHKNMLXZUV  pdjbN[pXfLkpNZIhi]hUqpdy k4djU`UWhizpN8]Wd7mpN½KqpN8]`HpN]_^k4N
(E1∗ & E2)
;dZ
mpdnMYpLNMqA]`ULXZm\Ndjqp^ÉdZNMNMLNMqA]`ULXy]`noHKhiqp
E1
zpYp]{dZqKNLXy]`noHKhiqp
E2
	YKUWhiqK]WHpNdZb`LYpX 
∃N1, N2 : (N1 > 0)∧(N2 = 1) : N1E1 & N2E2

GIHpN
AnyE
LdmKXfh§]_^LXf]`noHpNUQmpdnMYpLNMqA]`UQLXZmpN{dZ;XUlhqpZNNMNMLNMqA]V{Î]}HKXZUQz4NMNMqnoHpdAUlNVq
hqKUl]WNXZm{dfK]`HpNIiNUWU+jNMqpNVb`XZ
¡®2±2°\±`²K­U`noHpNMLX*UWhiqKnMNhi]µndjYpmz4NIYKUlNmhqXQnMdZqKUl]WboXfhqpNmN[\hU_]`NMqA]WhXf
¢AYKXZqA]Whi½2nMXf]WhdZq +ÎÃqkKXZbl]`hnMYpXZbVAhi]hUµk4djU`UlhzpN]`dLd\m\NM
AnyT
YKUWhqp}]WHKN:djbWL{YpX
∃N : (N > 0) :
NAnyE

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 Nm\N½KqKN]WHKN{b`NMXy]`hidjq
d |= A
ÈLNVXZqphqp]`HKXy]Q]WHpNm\d\nYpLNVqj]
d
UWXf]WhU_½KNU]`HpNdjbWL{YpX
A
}GIHphU
b`NMXy]`hidjqhU?m\N½KqKNVm{hiqKmpYKn¼]`hixjNM^}dZq{]WHpNIm\N½2qph§]`hidjq{dZ
A
Xfq2m}]WHKN;NVxyXfYKXy]`hidjqb`YpiNU	Xfb`Nµ]`HpNUWXZLNµdZb
b`NMjYpXfbIXfqKmndjYpqA]WhqpdjbWL{YpXZUV+hq!]WHpNQdZdyhiqp2\NQYKUWNQ]WHpNUW^Lz4dZ
Ψ
]`dUl]`XZqKmdjb;dZb`LYpXZU
dZ+UWdZbW]
S

T
djb
A

.Û\    Kf /× 
d |= a[Ψ]
h
(d = a[d′]) ∧ (d′ |= Ψ)
d |= AnyE
h
(d = a[d′])
d |= Datatype
h
(d =
nVU_]
) ∧ (
nVU_]
∈ Datatype)
d |=
nMUl] h
d =
nMUl]
d |= ε
h
d = ε
d |= S, S′
h
(d = d1 · d2) ∧ (d1 |= S) ∧ (d2 |= S′)
d |= S∗
h
(d = ε)∨(d = d1 · . . . · dp ∧ ∀i ∈ 1..p, di |= S)
d |= ∃N : φ(N) : N1E1 & . . . & NpEp
h
∃n1, . . . , np, ∃(e
j
1)j∈1..n1 , . . . , (e
j
p)j∈1..np
e
j
i |= Ei ∧ |= φ(n1, . . . , np) ∧ d ∈ inter(e
1
1 · . . . · e
np
p )
d |= Ψ∨Ψ′
h
(d |= Ψ) ∨ (d |= Ψ′)
d |= ¬Ψ
h qpdZ]
(d |= Ψ)
 +ü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ÇQhxZNVqXdjbWL{YpX
A
dZ:Æ\cÀ]`HpNLd\m\NMU}df
A
hU*]WHpNUWN]
Mod(A) =   {d | d |= A} dfXfmpdnMYpLNMqA]`UILXf]`noHphqp
A

   
   ,  ;    =  ?   , 
 NUl]`XfbW]IzA^m\N½2qphiqKUWdZLN}UW^AqA]oXZn¼]`hnQUWYpjXZbV?GIHpN*Ld\mpXfh§]_^
True
hÀz2N}YKUWNVm!djb]oXfY\]`dZdZjhiNUM
]`HKXy]hU}djbWL{YpXZU}U`Xy]WhUl½KNVmÉz^ÉXfµm\d\nMYpLNMqA]`U!¸hi¿jN
T ∨¬T
dZb}hqKUl]`Xfq2nNZ »  NXfUWd8mpN½KqpN]WHpN
qKdf]`Xf]WhdZq
E1 & . . . & Ep
ÛdZb*]`HpNdZb`LYpX8UWXf]WhU_½2NVmÉzA^Ém\d\nYpLNMqA]oU*LXjm\NdfIXUlN¢AYpNMqKnMNdf
pNViNVLNMqA]`U¡LXy]`noHKhiqp
E1
?MMV
Ep
ÀbWNVjXfbom\NVU`Udfµ]WHpNVhib*dZbom\NVbV* h¿ZNVhUWNZÈ;N{m\NM½KqpN{]WHpNqpdZ]`Xy]`hidjq
(a[S] & · · · )
dZb)]WHpN;dZb`LYKX¡UWXf]WhU_½KNm}z^m\d\nYpLNVqj]oU	ndZqA]oXfhqphiqK¡Xy]	NVXZUl]	dZqpNNMNMLNMqA]?LXy]`noHKhiqp
a[S]

(E1 & . . . & Ep) =   ∃N : (N1 = 1)∧ . . .∧(Np = 1) : N1E1 & . . . & NpEp
(a[S] & · · · ) =   ∃N1, N2 : (N1 = 1)∧(N2 > 0) : N1a[S] & N2AnyE
ÛN]¡Y2U:XZU`UWYpLN}]WHKXf]QXz4ddZ¿bWNMNMb`NMqKnMNhUZhxZNVqz^]`HpN{XZY\]WHpdjb½KNVm K]`HpN]`h§]`iNXfqKm8]`HpN^jNVXfb
dZkpYpzphnVXy]`hidjq Á&ndjiNVn]WhdZqhUXUWNV¢AYpNVqKnNdZ:UlY2noHNMqA]Wb`hiNUMGIHpNbWNMNMb`NMqKnMNVU}LX^HKXxZNz4NMNVq
nMdZiNn¼]`NVmhiqUWNMxjNMboXfpmpXf]`XZzKXZUWNVUcXZqKmN¡nMXfqKqpdf]cz4N:UWYpbWNdZÈ]WHpNdjb`mpNMbcdZ2]`HpN½KNVmKUM	GIHpNdjidyhiqK
djbWL{YpXLXy]`noHKNVUnMdZiNn¼]`hidjqKU}dfz4ddZ¿\Ub`hi]l]WNVq7z^1*qAYp]WHdZbÛXZLk4dZbW]{XZqKm]WH2Xy]nMdZqA]`XZhiq2UXZU
LXZqA^dnVnYpb`b`NMqKnMNVU;df+z2ddZ¿\UIb`h§]W]WNVqz^ 1*qY\]`H]WHKXZq!b`h§]W]WNVqz^)XfLk4dZbW]V
collection [ book [ author [String] & title[String] & year [String] ]∗ ]
∧
collection [ ∃N,M : (N = M) :
Nbook [(author [  1*qY\]`H  ] & · · · )]
& Mbook [(author [  )XfLk2djbl]  ] & · · · )] ]
w:N[]V;N¡m\NM½KqpN*X}qpNM nXZU`UcdfÀ]`bWNVN¡XZY\]WdjLXf]`X*]`HKXy]Ihi4z2NQYKUWNVm]`d{m\Nnhm\NQÆpcAhiq]WHpNQUlNVqKUlN
]`HKXy]?]`HpN:UWN]cdZÈm\d\nMYpLNMqA]`U?LXf]`noHpNm{z^XQdjbWL{YpX¡h2ndjbWb`NVUWk4dZqKm]Wd*]WHKNUlNM]cdfÈ]WNVbWLU?XZnVnNVk\]WNm
z^XZqXZY\]WdjLXy]Wdjq 
 %  
	 
 $Û$ £+

%'(+*()
 N¡mpN½KqpNQXnMXjUWUµdfÛXfYp]WdZLXf]`XUWk2Nnhi½2nMXZi^m\NVUWhijqpNVm]`ddjk2NVb`Xf]WNhi]WH!¡gÉUWnoHpNVLXy]`XK+Á¥LXfhq
mphUl]WhqKn¼]`hidjqÄhi]WH¤dZ]WHpNVbXfY\]`dZLXy]oXyzKXZUWNVm7XZkpkpb`djXjnoH chi¿jNËK­`ÏVÐj­Ìy«\¯Ã©y¬Ìy¯ÃÌ  sdjbN[pXfLkpNZhU
]`HKXy];NmpdqKdf]d\nYKUdjqÂb`NMZYKXZbNM[\kpbWNUWUWhdZqKU{dyxZNVb{kKXf]WHKUzpYp]V;hiqKUl]WNXZmÀ;ndjqKnNVqj]`b`Xf]WNdZqÄ]WHpN
&
dZk4NMboXy]WdjbVA]`HKXy]hUIdZqpN*dZ)]`HpNnoHphN?XZmpm\hi]WhdZqdf+¡g7ÆpnoHpNMLXh§]`H8bWNUlk4NVn]]Wdº¡Gº{
GIHpNmpN½Kqphi]WhdZq2Ukpb`NVUWNMqA]WNmHpNVbWN*HKXxjN*z2NVNMq]Wb`hiLLNVm8m\dyq!dZb]WHpNU`Xf¿jN¡dZ+zpb`NMxhi]_^Z\zpYp]]WHpN
boXfLNVdjbW¿Q]WH2Xy]c;NHKXxZN;kpb`dZk4djUWNVmhU	´XZb?LdjbWNIb`hnoHXfq2mjNMqpNVb`XZ/ pdZb?NM[pXfLkpNZfhq]WHpNnMdZLkpN]WN
xjNMboUlhdZqdZ dZYpb;nXZU`UcdfÛXZY\]WdjLXy]Wdjq ANQndZq2Ulhm\NMbbWhnoHUWN]`UdfÛnMdZqKUl]WboXfhqA]`U?z4N]_;NMNVqUWYpz\]Wb`NMNU OV~ <
gdZb`NMdyxZNVbV	]`HpNm\N½2qph§]`hidjq¤df*ÆpÁ nMXfq>z4NNM[]WNMq2m\NVmÄ]WdXZqA^ÄUlhZqKXf]WYpb`NhiqxZdjixhqpb`NMNYpq2n¼]WhdZq
UW^Lz4dZUXfqKmXZqXfb`zph§]`b`XZbW^qYpL{z2NVb:dZ	XjUWUWd\nhXy]WhxZN}XZqKm8Á ÑUW^Lz4dZUMpjhixhqpXfq8NViNVjXfqA]IX^]Wd
Ld\m\NVÀ¡gXf]l]Wb`hzpY\]WNUM
ü)ü 32ý54þ
Ou ¨Ì  Û¶  ¶´© ?«ZÐf¶´­
  ( *  ,    -, ,
Á¸´z2dZ]l]WdjL<Ypk4»¡UWHpNXxZNVUQXfYp]WdZLXf]WdZqÛ
A
 hU*X!]Wb`hkpiN
〈QA, Q  , R〉 HpNVbWN QA hU}X½2qph§]`NUlNM]*dZUl]`Xf]WNUM
{q1, . . . , qp}

Q  hU:XUWN]:dZ	½KqKXf+U_]oXy]`NVUhqKnMiYKmpNVm8hq QA 4XfqKm R hU:XUWN]:dZ	]WboXfqKUWh§]`hidjqb`YpNVUV?GÛboXfqKUWhi]WhdZqbWYpNVUXZbWNQdf+]WHKbWNVNQ¿hqKmpU
¸/Gµ^k4NO»
c→ q¸/Gµ^k4N}|j»
a[q′] → q¸/Gµ^k4N*vA»
φ(N1, . . . , Np) ` Reg(QA) → q
G^k2N*OIXfqKm]_^k2N|¡bWYKiNU+nMdZb`bWNUlk4dZq2m*]WdQ]WHKN]`b`XZqKUWh§]`hidjqb`YpiNU)dZYpqKm{hq{b`NMjYpXZb+]Wb`NMNIXfY\]`dZLXy]oX
djbndjqKU_]oXfqA]`U*¸´iNXxZNQqpd\m\NVUo»;XfqKmYpqKXZbW^YKqKn¼]`hidjq8UW^Lz4dZUM?G^k2N}vbWYKiNUM\djb}ªo©f®pÊ¼¯ 	`Ìy¶·®4­oÏ&	¼«"i­¼Ê¼
XZbWN]WHpNÉdZqp^£XZmpm\hi]WhdZqÑ]Wd7]`HpNbWNVZYpXfb]`bWNVNÉXZY\]WdjLXf]`XLd\m\NVQXZqKmÑXfb`NYKUWNVm£]WdÄnMdZLkpY\]`N¦djq
qKdmpNVUzpYph§]YKUWhqp¦]`HpNndjqKnMXf]WNMq2Xy]WhdZqÂdZk4NMboXy]Wdjb¸]WHpN8djqpi^qKdmpNVUhi]WH¤XfqÂYKqAz4dZYKqKm\NVm>Xfb`hi]_^Z »
ÎÃq¦]_^k2Nv!bWYpNVUV
Reg(QA)
hU}Xb`NMjYpXZb¡NM[\kpbWNUWUWhdZqdjq]WHKNXZikKHKXfz4N]
QA = {q1, . . . , qp}
¸hi]WH
nMdZqKnVXy]`NMqKXf]WhdZq
·
	YpqKhidjq
+
XZqKmh§]`NMboXy]`hidjq
∗
»}Xfq2m
φ(N1, . . . , Np)
hUXacb`NVUWzpYpb`ZNVb U}Xfb`hi]WHpLN]`hn
djbWL{YpXhq]WHpNQb`NMN}xyXfb`hXZzpNVU
N1, . . . , Np
?ÎÃqA]`Yph§]`hixjNM^Z]`HpN}xyXfb`hXZzpiN
Ni
mpNMqpdZ]WNVU;]`HpN}qYpLz4NMbdZ
d\nVnYpb`bWNVqKnNUdZ?]WHpNU_]oXy]`N
qi
hqÉXbWYpqÉdf?]`HpNXZY\]WdjLXy]`XKQÁr]_^k2Nvb`YpNVU¡LX^!½2bWNh§N{HKXxZNX
]`NMb`L&df+]WHKN*dZb`L
d1 · . . . · dn
UWYKnoH!]WHKXf]
]WHpN*]`NMb`L
di
iNXZmpU;]`dXU_]oXy]WN
qji ∈ QA
dZb:XZi
i ∈ 1..n 
]WHpN};dZbom
qj1 · . . . · qjn
hUIhq]WHpN}XfqpjYKXfjNQmpN½KqpNmzA^
Reg(QA) 
]WHpNQdjbWL{YpX
φ#(qj1 · . . . · qjn)
hUIUWXf]WhU_½KNmÀ4¶ ·­ 
|= φ(n1, . . . , np)
HpNMb`N
ni
hU]WHpNQqYpLz4NMb
df	d\nMnYKbWb`NMqKnMNVU;df
qi
hq
(qj1 · . . . · qjn)

ÎÃq}djb`m\NVbÈ]Wdz4N]W]WNMb+U_]`bWNUWU4]`HpNµnMdZqpqpNn¼]`hidjqQz4N]_;NMNVqQ]WHpNcxyXZbWhXfzpN
Ni
hqQ]WHpNcdZb`LYpX
φ(N1, . . . , Np)

XZqKm]`HpNqYpLz4NMb}dZµd\nMnYKbWb`NMqKnMNVU¡df
qi
hiqÉ]WHKN;dZbompU*XZnVnNVk\]WNmz^
Reg(QA)
¸HKNMb`N
QA
hUQ]WHpN
UWN]
{q1, . . . , qp}
»¼À;N{hi?dZ·]WNVq¦YKUWN
# qi
hqKUl]WNXZmdZ
Ni
XjUQX!xyXfb`hXZzpNqKXZLNhqX!acb`NVUWzpYpb`ZNMb  U
djbWL{YpXp\XfqKmb`h§]`NQ]_^Ak4NvbWYKiNUIhiq]WHKN*dZidyhqp;X^ 
¸/Gµ^k4N}vj»
φ(# q1, . . . ,# qp) ` Reg(QA) → q
 $ Ó )­¯
Σ
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{c, a[ 	 ], b[ 	 ]} 
 µ­}Ì  µÌf±Ê:¶·¬:²% ¶´ªM¶·¯ §±ÌjÏZÏÊM­«K­M®K¯<¶´Ì 4ªo©f¬ ²K©Ê¼¶·¯<¶´©y® 
·
Ìy®4Ï!¶·¯/Ê«\®K¶·¯ 
ε
;¯©!¯Ëp­Ê¼¶§ÐZ®4Ìf¯/«"	W­   ¡®­$#Ìy¬:²%i­©Ìy«\¯Ã©y¬Ìy¯Ã©y®¶ÊQÐZ¶·Í­M® 
±!¯·ËK­{ÊM­¯
©*Ê¼¯Ìf¯­Ê
QA = {qa, qb, qs}
c¯Ëp­Ê­M¯©?³c®ÈÌ ÀÊ¼¯ÃÌy¯Ã­¼Ê
Q = {qs} Ìy®ÈÏ¯Ëp­ÊM­¯I©}¯ 	WÌf®pÊ¼¶·¯/¶´©f® 	¼«"i­Ê
R

ε→ qs a[qs] → qa (# qa = # qb)∧(# qs > 0) ` (qa + qb)∗ → qs
c→ qs b[qs] → qb
­ ?¶  ÊM­o­5 )ËK­® µ­ÏZ­/³c®È­¯Ëp­¯ 	WÌf®pÊ¼¶·¯/¶´©f®	W­iÌy¯<¶´©y® Û¯·ËKÌy¯)¯·Ë\¶Ê ²KÌ 	¼¯<¶´ª«"iÌ	:Ìy«\¯Ã©y¬Ìy¯Ã©y®Ìjª`ªo­Ã²4¯/Ê
¯Ã­	¼¬Ê ?¶·¯·Ë¦ÌÊ*¬Ìf®K±
a
 Ê*¯ËpÌy®
b
 Ê}Ìf¯;­oÌZªoË®È©VÏj­5  ¶ j­ © 	­$#AÌf¬² i­¯·ËK­}¯Ã­	¼¬{Ê
a[ε] · b[ε] · b[ε] · a[ε]Ìf®4Ï
b[ε] · a[c · b[ε] · a[ε]]


 +ü(
 ÈªoËp­M¬Ì*°
	W­o­)©WÐZ¶´ªÌy®ÈÏ\ËK­oÌyÍy­¼Ê¡«\¯Ã©y¬Ìy¯ÃÌ O -
ÎÛ;N:m\b`dZk]WHpN¡acbWNUlzKYpbWjNMb  UµXfb`h§]`HpLN]Whn:nMdZqKUl]WboXfhqA]µXfqKmbWNU_]`bWhn¼]c]`d]_^k4N¡vb`YpNVUµdfÀ]WHKNdZb`L
True ` Reg(QA) → q
È;NjN]}ËK­oÏMÐA­Ìy«\¯Ã©y¬Ìy¯ÃÌ s  dZqxZNVb`UWNM^Z2h§Nm\bWdjk]WHKNb`NMZYKXZb:;dZbom
NM[\kpbWNUWUWhdZqXfq2mb`NVUl]Wb`hn]µ]Wd{bWYKiNUdZÀ]WHpNQdjbWL 
φ(# q1, . . . ,# qp) ` AnyT → q
\N¡ZN]XnMXjUWUdf
XZY\]WdjLXy]`XHphnoH{NMqye_dy^\U+XfZ]`HpN;Zdd\m}kpb`dZk4NMbW]WhNVU)dfKb`NMjYpXZb ]`bWNVNXfYp]WdZLXf]`Xp]`HKXy]	hU	nMidAUlYpb`NcYpq2m\NMb
z4ddZNVXZqÉdjk2NVb`Xf]WhdZqKUV Xm\N]`NMb`LhiqphU`Xy]WhdZqXfZdjbWhi]WHKL mpNVnhmpXZzphihi]_^¦df]WHpN]WNVUl]*dZbNVLk\]WhqpNVU`UVµi
 HKNMq8z2dZ]WHndjYpqA]WhqpXfq2mb`NMjYpXZbIdjb`mndjqKU_]`b`XZhiqA]oU;XZbWN*qpNVNVm\NmÀKUWdZLN*df+]WHpNUlN}kKbWdjk2NVbl]`hiNUXfb`N
qKddZqKZNMbIxyXfhm¸/Xy]NVXjU_]hq!]`HpNnMXjUlNQdf	qpdjq\mpN]WNVbWLhqphU_]`hn}Æ\Á »
 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GIHKN{¯ 	WÌy®KÊ¼¶·¯/¶´©f® 	W­iÌy¯<¶´©y®dZ)XfqXfY\]`dZLXy]`dZq
A
pm\NMqpdZ]WNm
d →A q
\hU]WHpNQ]WboXfq2Ulhi]WhxZN*ndjUWYpb`N:df)]WHpN
b`NMXy]`hidjqm\N½2qpNVm¦zA^]`HpNdjidyhiqK]WHpb`NMN{hiqpNMb`NMqKnMNb`YpiNUM  HpNVq]WHpNVbWN{hU¡qpdXfLzKhijYph§]_^8djq]WHpN
XZY\]WdjLXy]Wdjq NUWhLkKi^b`hi]WN
→
hqKU_]`NVXjm!dZ
→A

 y     ´×  
Ó $´p ´×  
→A¸/Gµ^k4NO»
c→A q ∈ R
c→A q
¸´G^Ak4N|Z»
d →A q′ n[q′] →A q ∈ R
n[d] →A q
¸/Gµ^k4N}vj»
e1 →A qj1 . . . en →A qjn φ(# q1, . . . ,# qp) ` Reg(QA) →A q ∈ R (n > 2)
qj1 · . . . · qjn ∈ Reg(QA) |= φ#(qj1 · . . . · qjn)
e1 · . . . · en →A q
GIHpNb`YpiNdZbQndZq2U_]`b`XZhiqpNm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dZ
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2
	GIHpNMb`NdjbWNhi];nMdZYpmqpdZ]z4N¡XfkKkpihNVm]Wd]`HpN:NVLk\]_^UlN¢jYKNMqKnMNZ
ε
AdZbµ]Wd{UWNV¢AYpNVqKnN
LXjm\NdfdjqpNNMNMLNVqj])h¿ZN
a[q]
dZb{N[pXfLkpNZ8Î]nMdZYpmz4Nk2dAUWUWhzpiN]WdNM[A]`NMqKm]`HpN]`b`XZqKUWh§]`hidjq
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YpXfbnVXZUWNVUVÛzpY\]{h§];dZYKmqpNVNVm\NVU`Ul^ÉnMdZLkphnVXy]`N
djYpbm\NM½Kqphi]WhdZqKUXZqKm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a[c] ·
b[a[c] · b[c]]
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d → a[c] · b[a[qs] · b[c]] → a[qs] · b[a[qs] · b[c]] → a[qs] · b[a[qs] · b[qs]]
→ qa · b[a[qs] · b[qs]] → qa · b[a[qs] · qb] → qa · b[qa · qb]
?
→ qa · b[qs] → qa · qb
?
→ qs
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qa · qb
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(qa | qb)∗
Ìf®4Ï¯·ËKÌy¯?¶·¯cªo©y®K¯ÃÌy¶·®KÊ¡ÌÊ:¬Ìy®2±
qa
 Ê:¯ËpÌy®
qb
 Ê 
 ¶·¯´Ê Ì 	¼¶ Ë!¬Ìo²Z²4¶·®Ð¶Ê
(1, 1, 0)
  ©	W­IÐj­M®4­	WÌ  ±)¯Ëp­QÌy«\¯Ã©y¬Ìy¯Ã©y®
A
ÌZªoªo­²È¯´Ê©y®  ±{ÏZ©ªM«\¬­M®K¯/Ê¶·® )Ë¶´ªoË­MÍ­	¼±*ÊM­«K­M®4ªo­Ê
ªo©f®K¯ÃÌy¶·®pÊÌyÊ*¬Ìy®2±
a
 Ê}¯ËpÌf®
b
 ÊÌÊ}¯Ã©`²­i­M¬­M®K¯/Ê

 (:ß<Ú â â/Ü_ß´ß
 )ù AnyT á´Ü 1Ü_á´âÛß/à;ß/ÚÜ<Ý  -Ý_Ü$Vß ) /	á/Ü)¼Þ ÝoáÛãÀà¼á.QÜHJá/Ü_â<â
 à" (q1 | . . . | qp)∗ 2
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Á¡U	h§]?hU)Y2UlYKXZh§]`HXZY\]WdjLXy]`XKNIUWX^*]`HKXy]cXQm\d\nYpLNVqj]¸djb+]WNMb`L»
d
hUÌZªoªo­²È¯­oÏz^X¡UWHpNXxZNVU
XZY\]WdjLXy]Wdjq
A
h§?]`HpNMb`NhU:X½KqKXZ)Ul]`Xy]`N
q ∈ Q  UWYKnoH8]WH2Xy] t →A q GIHKNXZqpZY2XfZN L(A) hU]`HpNUWN]}dZµ]WNVbWLU}XjnMnNVk\]WNmzA^
A
   Ypb}N[pXfLkpNUlHpdyU¡]`HKXy]{Æ\Á nVXfqXZnMnMNMk\]}XfqpjYKXfjNVUQHphnoHXZbWN
xjNMb`^m\hÈNMb`NMqA]*b`dZLtb`NMjYpXZb:]`bWNVNXZqpZYKXZZNUMÈhq¦´Xjn¼]ndjUWNMbQ]Wd!]WHKdjUWNXjnMnMNMk\]`NVmz^¦nMdZqA]WNM[]l<bWNVN
XfqKZYKXZZNVUV KdZbN[pXfLkpNZj]WHpNQndjqKU_]`b`XZhiqKNVmb`YpiN¡hiq "?[pXfLkpN:snVXfqz4N:hqA]WNMb`kpb`N]`NVmXZU A¯·ËK­ µ© 	WÏ
q1 · . . . · qn
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qa
 Ê{¯·ËKÌy®
qb
 Êo Î]¡hU
NVxZNVqÉk4djU`UlhzpN]Wdb`h§]`NnMdZqKUl]WboXfhqA]`U*m\NM½KqphqpXZqpZY2XfZNUQHphnoHXfb`Nqpdf]}NVxZNMqnMdZqA]WNM[A]W/b`NMNjÀih¿ZN
qna · q
n
b · q
n
c
¸ e_YKUl]I]`Xf¿jN]`HpN¡aµbWNUlzpYKbWjNMb  UndZq2U_]`b`XZhiqA]
(# qa = # qb)∧(# qb = # qc)
hiq"?[pXfLkpN¡s2 »
 98  ?  ; ?    = ( *  ,     -, 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ÎÃqÄ]WHKhUUWNVn]WhdZq NUWYpb`xZNM^UWNMxjNMboXfIkpb`dZk4NMbW]WhNVUdf*UlHpNXxZNU{XZY\]WdjLXf]`XKµhi¿jN!]`HpNndjUWYpb`N!Ypq2m\NMb
z4ddZNVXZqdZk4NMboXy]`hidjqKU)dZb+]WHpNm\NnhmpXfzKhih§]_^dfp]`HpN;]WNVUl]	dZb?NVLkp]WhqpNVU`UMjXfqKmNUl]WYKm\^*]`HpNndjLkpiNM[\h§]_^
dZ+UWdZLN*zKXZUWhn¡kKbWdjzpiNVLUM\hi¿jN}noHpNVno¿hqpHpN]`HpNMbXm\d\nYKLNVqA]hUXjnMnNVk\]WNmzA^!Xfq8XfY\]`dZLXy]`dZq 
Á:q>hLk2djbl]oXfqA]kpboXZn¼]`hnVXfb`NVUWYpi]hU]WH2Xy]VnMdZqA]WboXfb`^]Wd]WHpNnVXZUWN8df¡b`NMjYpXfb]Wb`NMNXfYp]WdZLXf]`Xp
]`HpNnXZU`UdZ{m\N]`NMb`LhiqphUl]WhnÉUWHpNVXxjNVUXfY\]`dZLXy]oX7hU!Ul]Wb`hn¼]W^£;NVXf¿jNMb]WHKXZqÑ]WHKNnMXjUWU!dfUlHpNXxZNU
XZY\]WdjLXy]`XK  NU`X^É]WHKXf]{XUWHpNVXxjNVUXZY\]WdjLXf]WdjqhU!Ïj­¯Ã­	¼¬{¶·®2¶Êo¯<¶´ªh§:XZqKmdZqp^h§:X8]`NMb`L b`NVXjnoH
Xf]LdAU_]djqpN}U_]oXy]WNjcGIHphUU_]`bWhn¼]:UWNMkKXZb`Xf]WhdZqz4N]_;NMNVq]WHpNm\hU`nb`hiLhqKXy]`hixjN¡k4dyNVbIdf?m\N]`NMb`LhqphU_]`hn
XZqKm>qpdZqpm\NM]WNVbWLhqphUl]Whn8XfY\]`dZLXy]oXhULXZhiqp^ÄXb`NVUWYpi]df*hiqA]`NMboXZn¼]`hidjqKUz4N]_;NMNMq£nMdZYpqA]WhqpXfq2m
b`NMjYpXfbIndZq2U_]`b`XZhiqA]`UIXZqKmh§]b`N]`bWdAUlk4NVn]WhxZNM^UWYpkpk4dZbW]`UIdZYKbInoHKdZhnNQ]WdUWNMkKXZb`Xf]WN¡]WHpNUlN*]_;dUldjbl]oUdZ
kKbWdjk2NVbl]`hiNUhq8dZYpbI]`bWNVN*idjZhnf
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L
\dyxZNMbX{]_;dN]W]WNVb`UXZikKHKXfz4N]
Σ = {a, b}

L = { w1 · w2 · w3 · w4 | w1, w3 ∈ a∗, w2, w4 ∈ b∗,
#a w1 = #b w2 > 1,
#a w3 = #b w4 > 1 }
GIHpNXfqpjYKXfjN
L
nMdZqKUWhU_]oU:dZc]WHpN{]WNVbWLU
an · bn · am · bm
Àh§]`H
n,m > 0
  NnMXfq¦hm\NVqA]Whi^
NXZnoH;dZbomhiq
L
h§]`HÂXm\d\nYKLNVqA]Xfq2mm\N½KqKN!Xqpdjq\Ãm\N]`NMb`LhqphU_]`hnXfY\]`dZLXy]`dZq 
〈Q,Q  , R〉 XjnMnMNMk\]`hiqpXZiÛ]WHpN{m\d\nYpLNMqA]oUhiq
L
IGIHphU¡XfY\]`dZLXy]`dZq8hUUlY2noH8]WHKXf]
Q = {qa1, qa2, qb1, qb2, qs}

hi]WH
Q  = {qs} pXZqKm!HKXZU;]`HpN*dZidyhqp½KxjN¡]`b`XZqKUWh§]`hidjq!b`YpNVU
a→ qa1 b→ qb1 a→ qa2 b→ qb2
(# qa1 = # qb1) ∧ (# qa2 = # qb2) ` qa1 ∗ ·qb1 ∗ ·qa2 ∗ ·qb2∗ → qs
 N{UWHpdy ]WHKXf]:]`HpNXfqpjYKXfjN
L
nVXfqpqpdZ]:z4N{XZnVnNVk\]WNm8zA^XmpN]WNVbWLhqphU_]`hnÆ\ÁÈXfqKm]WHpNVbWNMdZb`N
kKbWdyxjN¡djYpbUlNVkKXfboXy]`hidjqb`NVUWYp§]z4N]_;NMNVq]`HpN}N[\kpb`NVU`Ulhxh§]_^dZ	mpN]WNVbWLhqphU_]`hn*Xfq2mqpdjq\Ãm\N]`NMb`LhqphU_]`hn
UWHpNXxZNVUIXZY\]WdjLXf]`XK
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A
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L
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qa
¸´bWNUlkÛ
qb
»Iz4N
]`HpNYpqph¢AYpNU_]oXy]WNb`NVXjnoHpNVm¦zA^
a
¸b`NVUWk 
b
»¼  Nhi?Y2UlN
# qa
XfqKm
# qb
XjU¡]WHpNxyXfb`hXZzpN{qKXZLNVU
]`HKXy]b`NNVb;]Wd]WHKN}qAYKLz4NMbdf	d\nMnMYpbWb`NMq2nNVU;dZ
qa
XZqKm
qb
hqaµbWNUlzpYKbWjNMb  UIndjqKUl]Wb`XZhiqA]oUM
ÇQhxZNVq8]WHpNUWk4NVnhXf)U_]`bWYKn]WYpb`N}df+]WHKNXZqpZY2XfZN
L
pN{nMXfqXjUWUWYpLNUldjLN}N[]WboXndZq2m\h§]`hidjqKUdjq
]`HpNndZq2U_]`b`XZhiqpNmb`YpiNU:dZc]WHKNm\NM]WNVbWLhqphUl]WhnXfY\]`dZLXy]`dZq *ÎÃqKm\NVNVmÀÀhqÉXZq¦XZnVn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bWYpq¦df
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nMdZqKUl]WboXfhqpNm]WboXfq2Ulhi]WhdZqbWYKiNLX^djqpi^¦z2NXZkpkphiNm¦]`dXdjb`mÉdf
(qa|qb)∗
GIHpNVbWNMdZb`N{;NLX^
XjUWUWYpLNI]WH2Xy]
Reg
hUµX}bWNVZYpXfb	NM[kKbWNUWUWhidjqdZq]WHpN¡XfkpHKXfz4N]
{qa, qb}
dZqp^ZAXfqKm{]`HKXy]c]`HpNdjqpi^bWNVN
xyXZbWhXfzpNVU;hq]WHpN*djbWL{YpX
φ
XZbWN
# qa
Xfq2m
# qb

ÆhqKnMN}]WHpN}XfqKZYKXZZN
L
hUhiq\½2qph§]`NXfq2m]`HKXy]:]WHpN}qYpL{z2NVbdf	]WboXfq2Ulhi]WhdZqbWYKiNUXfb`NQ½Kqphi]WNZK]WHpNVbWN
hUµXf]µNVXZUl]µdjqpN:ndjqKUl]WboXfhqpNVmb`YpiNj
(?) φ ` Reg → qs
UlY2noH{]`HKXy];z2dZ]WH
φ
hUU`Xy]`hUl½KNVmz^Xfqhq\½Kqphi]WN
qYpL{z2NVbdf	xyXfYpNVU;djb
# qa
XZqKm
# qb
Xfq2m
Reg
XZnVnNMkp]`UXfqhq\½Kqphi]WN}qYpL{z2NVbdf	djb`mpUV
¾;^ÄmpN½Kqphi]WhdZq£dZ¡]`HpNXfqpjYKXfjN
L
]WHpN]`NMb`LUXZnVn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XZbWN8df*]`HpN8dZb`L
t(n,m) = qa
n · qbn · qam · qbm
XfqKm  z^H^Ak4df]`HpNVUWhUMÈ]`HpNUlNM]}df;dZbompU
t(n,m)
XZnMnMNMk\]`NVm¦zA^
RegUWHpdjYpm8z4Nhq\½KqKh§]`NZ ¡UlhqpXU_]oXfqKmpXZb`m&lkpYpLkphqpNMLLXdjq8]WHpN{LhiqphLXf	m\N]`NMb`LhiqphUl]Whn*½Kqphi]WN
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Reg
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NVk\]`UX¦LYKnoH
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max(Reg)
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XZqKm
l
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]WHKXf]dZb¡Xf
m,n > max(Reg)
Khi
t(m,n)
hU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NVk\]WNm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p]`HpNMq8]`HpN}dZdyhiqp
;dZbomhU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NVk\]WNmz^
Reg
dZbXZi
λ, µ > 0

qan+λ.k · qbn · qam+µ.l · qbm
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qā, qā′
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